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ABSTRACT 

In this thesis, we construct an analytical framework to solve problems arising in 

transmission congestion management and describe its application to the analysis and design 

of effective congestion management schemes. 

The outcomes of the centralized electricity markets and the bilateral transactions require 

the provision of associated transmission services. Congestion occurs whenever the 

transmission network cannot simultaneously accommodate the outcomes and transactions 

without violating one or more physical network constraints. Congestion introduces 

unavoidable losses in market efficiency so that not all benefits foreseen in the restructuring of 

the electric power industry can be fully realized. Of the various schemes proposed to manage 

congestion, the market-based mechanisms using the locational marginal prices (LMPs) have 

become the most widely used. The LMPs become the economic signals used by such schemes 

to allocate the limited transmission services and compute the pricing for those services. The 

inherent volatility of electricity markets introduces uncertainty in the LMPs and 

consequently, in transmission pricing. In order to protect the transmission customers from 

exposure to such uncertainty, financial tools such as financial transmission rights (FTR) are 

introduced. The issuance of the FTR is constrained by the physical capability of the 

transmission network. As such, the congestion management problem involves complex 

interactions between the three constituent elements of electricity markets – the commodity 

market, the physical transmission network and the financial markets for FTR. An appropriate 

representation of these three elements and their interactions is a critical need for the analysis 
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of congestion and its management. In this thesis, we propose the construction of a 

comprehensive and flexible framework and provide certain specific tools for dealing with 

congestion-related problems. We study the key characteristics of the three elements and 

embed appropriate models into three interconnected layers. The physical network layer 

contains a model of the transmission network. The model for the day-ahead market 

constitutes the commodity market layer. The financial market layer represents the FTR 

markets. We construct appropriate information flows between these three layers to represent 

their interactions. Using the information flows between the physical network layer and the 

commodity market layer, we introduce a new scheduling tool for the provision of 

nondiscriminatory transmission services to bilateral transactions and players in the pool 

markets. This new tool results in the more efficient utilization of the network than that given 

by existing transmission scheduling tools. The proposed framework has broad scope for the 

study of a wide range of problems arising in congestion management.  

We illustrate the uses of the framework with several application examples. We quantify 

the substitutability of a generation resource addition and a transmission transfer capability 

enhancement for congestion relief using the framework to provide consistent metrics to 

measure the impacts of these two modifications on the market outcomes. We also apply the 

framework to the study of the revenue adequacy for the FTR issuer and the design of 

secondary FTR markets with added liquidity. We discuss the extension of the framework for 

applications to issues over longer time horizon. Extensive simulation results accompany the 

analytical results and serve to illustrate the effectiveness of the proposed framework. 
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1   INTRODUCTION 

In this chapter, we describe the setting for the problems of interest and establish the basis 

for the work presented in this report. We first introduce the background and the motivation of 

our research followed by a brief review of the related work reported in the literature. Then, 

we present the scope of this report and highlight the major contributions of this work. We end 

with an outline of the contents of the remainder of this report. 

1.1 Background and motivation 

The advent of open access transmission [1], [2] and the wider implementation of 

competitive electricity markets [3] have resulted in the growing prominence of transmission 

congestion. Congestion occurs whenever the preferred generation/demand pattern of the 

various market players requires the provision of transmission services beyond the capability 

of the transmission system to provide. Under the ideal conditions of the 

transmission-unconstrained markets, the various buyers and sellers are able to consummate 

desired deals as long as their respective surpluses are nonnegative [4], [5]. When the 

constraints on the transmission network, be they of a physical, operational, or an engineering 

nature, are taken into account, the constrained transfer capabilities of the network may be 

unable to accommodate the preferred unconstrained market schedule without violating one or 

more constraints. Therefore, congestion results from insufficient transfer capabilities to 

simultaneously transfer electricity between the various selling and buying entities [6]. The 

presence of congestion introduces unavoidable losses in market efficiency so that the benefits 
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foreseen through restructuring may not be fully realized [4], [5]. There is a growing 

realization that congestion is a major obstacle to vibrant competitive electricity markets [7]. 

Therefore, the effective management of congestion is a critically important contributor to the 

smooth functioning of competitive electricity markets through its key role of minimizing the 

impacts of congestion on the players and the market performance. 

The issue of congestion, which is a physical phenomenon, of course, predates 

restructuring [8]. The optimal operation of the power system requires the optimization of a 

specified objective function subject to ensuring no violation of the various constraints 

considered. In pre-restructuring times, the utilities were vertically integrated with the 

ownership and the control of both generation and transmission vested in a single entity. 

Consequently, any conflicts between reliability and economics were resolved by that single 

decision-making entity. In the competitive environment, on the other hand, generation and 

transmission are unbundled so that the entities that own the grid are different from those who 

benefit from the usage of the transmission network and are, consequently, impacted by the 

congestion. Moreover, the control of the system is vested in hands different than those 

owning the network and resource facilities. Under this decentralized decision making, issues 

arise as to how to achieve the overall market efficiency while assuring the reliability and 

integrity of the system. Effective congestion management schemes are required to reach this 

goal. 

 Various approaches from the command-and-control transmission loading relief (TLR) 

scheme used by NERC security coordinators [9] to the market-based methods using locational 

marginal prices (LMPs) and other economic signals [6], [10]-[12] have been proposed to 
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manage transmission congestion. Our focus is on market-based schemes using LMPs which 

are in compliance with the basic guidelines in [7]. Under such schemes, congestion 

management is intimately involved with the centralized day-ahead pool markets run by the 

independent entity responsible for market operations and for operating and controlling the 

transmission network. We refer to this independent entity by the generic name of independent 

grid operator (IGO) to encompass various organizations such as independent system operator 

(ISO), transmission system operator (TSO), regional transmission organization (RTO) and 

independent transmission provider (ITP). The pool players sell energy directly to the IGO by 

submitting sealed offers to the IGO. Each offer specifies the amount of energy per hour the 

player is willing to sell and the minimum price per unit of energy it is willing to accept. 

Similarly, each pool buyer buys the electricity directly from the IGO by submitting a sealed 

bid specifying the amount of energy per hour the player is willing to buy and the maximum 

price per unit of energy it is willing to pay. The IGO determines the successful bids and offers 

by maximizing the social welfare [13, p. 560], [14]. To enable the deals in the pool to be 

consummated, he IGO provides the transmission services necessary to deliver the energy 

traded in the pool market. The LMPs, which are the energy shadow prices at each node, are 

determined in this market. The presence of congestion is signaled by a nonzero LMP 

difference between any pair of nodes. Coexisting with the players in the pool markets are the 

bilateral transactions1 for trading energy directly between a selling entity and a buying 

entity. Whenever the two entities in a bilateral transaction are located at different nodes, the 

consummation of the transaction requires the provision of transmission services. One of the 

                                                 
1 A multilateral transaction may be represented as a linear combination of bilateral transactions [15]. Thus, 
without loss of generality, we assume all the transactions to be bilateral in this report.  
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two entities is responsible for the acquisition of the transmission services from the IGO for 

the transaction.  

The IGO must provide nondiscriminatory transmission services to both the pool players 

and the bilateral transactions [1]. While the allocation of the transmission services without 

bilateral transactions has been investigated in the literature [12], [16]-[19], the 

nondiscriminatory transmission provision to bilateral transactions and pool players has 

received scant attention so far. In the few references where the bilateral transactions are 

explicitly considered, their impacts are represented using a simplified model [11], [15], [20].  

When congestion occurs, the transmission customers are assessed the so-called 

congestion charges for the transmission services in an amount equal to the product of the 

transaction amount and the LMP difference between the withdrawal and injection nodes [21]. 

These charges are implicitly imputed for the pool players but are explicitly charged from the 

bilateral transactions. Since the LMPs are unknown before the day-ahead market clears, these 

charges are determined ex post. Due to the volatility of the electricity markets, there exists 

considerable uncertainty in the LMP differences [22]. Such uncertainty results in 

uncertainties on the amount of congestion charges faced by the bilateral transactions and may 

make some entities unwilling to undertake transactions unless financial tools are available to 

provide price certainty. Financial transmission rights (FTR) [21], [23] have been developed 

for this purpose. FTR are financial tools issued by the IGO that provide the holder 

reimbursement of the congestion charges collected by the IGO. When properly used, FTR 

may provide price certainty on the congestion charges to a certain extent. The FTR have been 

referred to by different terms, including fixed/financial transmission rights [21], [24], 
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transmission congestion contracts (TCC) [25] and congestion revenue rights [7]. 

The research and application of the FTR are still in the early stages. Many critical issues 

such as the pricing of the FTR and the liquidity of the FTR markets have still not been 

addressed. The growing awareness of the important role the FTR play in competitive 

electricity markets requires more detailed analysis of the FTR by themselves and as a part of 

the overall congestion management scheme2. Such analysis requires detailed models of the 

various components and elements of the electricity markets related to transmission 

congestion management. These include the features of the transmission network, the 

characteristics of the commodity markets and the representation of the FTR and their markets. 

Under such circumstances, a framework that contains a comprehensive representation of 

these elements and their interactions is of particular interest and would have direct practical 

applications. 

In addition, due to the hedging ability of the FTR, the use of such financial instruments 

may impact, to a great extent, the customers’ behavior in the electricity markets [26], [27] 

and, consequently, the design, implementation and operation of the markets. Such impacts, 

however, have yet to be investigated. For instance, it is common knowledge that transmission 

congestion may be alleviated by increasing the transfer capability of the transmission system 

or by building new generation capacities in appropriate locations. The effectiveness of such 

solutions is highly dependent on the congestion management scheme in place. The 

relationship between the generation resource addition and the transmission transfer capability 

enhancement under the LMP-based congestion management scheme is a topic of major 

                                                 
2 A special class of FTR may be defined to have certain scheduling priorities associated with them. A detailed 
description and analysis of such FTR are given in [26]. 
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practical interest. These are just some of the topics that are explicitly considered in this 

report. But, before we discuss them in more detail, we first review the state of the art in the 

area. 

1.2 Review of the state of the art 

We provide a brief review of the literature related to the work reported in this thesis. In 

particular, we review the previous work on congestion modeling, transmission scheduling 

and congestion pricing, as well as the financial transmission rights to assess the status of 

developments in these areas. 

A key issue in congestion management is the appropriate representation of congestion 

conditions in the network. Typically, congestion is defined as the violation of one or more 

constraints in the network that are imposed to reflect the physical limitations of the 

component facilities and that need to be satisfied so as to ensure the reliability of the power 

system [8]. The verification of these constraints requires the knowledge of the system states. 

The power flow equations [28], [29, p. 97] constitute the steady state model of the power 

system and are used to compute the system states once the injections and the withdrawals at 

each network node are specified. The solution of the nonlinear AC power flow equations 

[28], [29, p. 97] is, however, computationally demanding for large-scale power systems [28, 

30]. But, for market applications, such detailed modeling and extensive computing may be 

unnecessary and impractical. Rather, models based on the DC power flow assumptions [31, 

p. 99] are typically used, particularly, in congestion analysis that is frequently required to 

study congestion conditions in the network. A common analytic tool widely used in the 
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representation of networks in congestion studies is distribution factors. Distribution factors 

are linear approximations of the sensitivities of various system variables with respect to 

changes in nodal injections and withdrawals [29, p. 422], [32], [33]. The formulations and the 

characteristics of these distribution factors have been explored in a number of specific 

applications [33]-[39]. For example, the evaluation of the available transfer capability (ATC), 

as described in the NERC document [40], is based on distribution factors. NERC also uses 

these factors in its TLR procedure [9] to compute the contribution of each individual 

transaction to the real power flow in the congested lines so as to determine the curtailments. 

The effectiveness of distribution factors for congestion modeling in various applications, 

including the ATC and TLR computation, was investigated in [37]. This investigation 

indicates that usage of these distribution factors in these applications significantly reduces the 

computational efforts required for congestion analysis without major side effects in the area 

of accuracy.  

The basic distribution factors derived under the assumptions used in the DC power flow 

model represent only the real power flows in the network. The impacts of the reactive power 

flows cannot be directly addressed. In light of such limitations, extended factors providing 

the sensitivity-based relationships of the reactive power flows and the nodal voltage 

magnitudes to the net nodal injections and withdrawals were proposed in [34]. An alternative 

approach was presented in [41] in which the nodal voltage magnitude and reactive power 

limits are “converted” to the real power line flow limits of the corresponding lines and 

interfaces. By exploring the relationship between the real and the complex power flows in a 

transmission line, another study provided a scheme that “translates” the thermal limit of a 
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transmission line to the corresponding real power line flow limit for use in the ATC 

evaluation [42]. These extended factors and associated alternative schemes enable the 

incorporation of the reactive power flow effects in the modeling of congestion using 

distribution factors. 

The accuracy of the approximations provided by the distribution factors has been studied 

from different viewpoints. The investigation of the variation of the sensitivities approximated 

by the distribution factors as a function of the system load levels indicated that the values of 

these approximations are relatively insensitive to the load levels under typical system 

conditions and the distribution factors provide good approximations for these sensitivities 

[36]. Another study showed that the differences between the LMPs computed with 

distribution factors and those using the full AC power flow are small [43]. These studies 

serve to remove concerns about the accuracy issues in congestion modeling using distribution 

factors.  

The distribution-factor-based congestion model also plays a key role in the FTR area. 

This role, however, has received limited attention so far. Since the values of the distribution 

factors are dependent on the network topology and parameter values, those may be difficult 

to accurately predict into the future. As a result, the forecasted values of the distribution 

factors may be different from the actual ones. The impacts of such differences on the 

outcomes of the commodity and FTR financial markets have not been investigated. 

Moreover, the propagation of such errors may have unknown impacts. 

We next review the relevant work in the area of transmission scheduling and congestion 

pricing. The introduction of the open access transmission regime to accommodate 
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competitive electricity markets imposes new stresses on transmission grid operations. Basic 

needs in the provision of non-discriminatory transmission services to all transmission 

customers are the scheduling of the services and the determination of nondiscriminatory 

prices for transmission usage [1]. The open access transmission tariff typically consists of an 

annual fixed network connection fee (independent of usage) and transmission usage charges 

to recover network losses and congestion effects [44]-[46]. In this report, our focus is purely 

on the charges imposed due to transmission congestion. A commonly used metric to assess 

the effectiveness of transmission scheduling schemes is the market efficiency as measured by 

the social welfare [13, p. 560]. The social welfare is defined as the total consumption benefits 

of the demands minus the total production costs of the suppliers [13, p. 560]. In actual 

practice, since the true benefits and costs are unknown to the IGO, the social welfare is 

typically estimated using the offer, bid and willingness-to-pay functions of the players [4]. 

Various schemes have been proposed to allocate [9] and price [6], [12], [21], [47]-[52] the 

scarce and severely constrained transmission transfer capabilities in the network. We next 

briefly discuss the essence of these schemes.  

In some schemes, trading of electricity and scheduling of the transmission services are 

independent tasks that are performed sequentially in two separate stages [53], [54]. In the first 

stage, electricity is traded via transactions between the selling and buying entities. All 

transmission constraints are ignored at this stage. The resulting outcomes are referred to as 

the preferred schedules. Then, in the second stage, these preferred schedules are submitted to 

the IGO to assess the capability of the grid to accommodate the transmission requirements 

and procure the required transmission services. When the transmission network fails to 
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simultaneously accommodate all these preferred schedules, the IGO invokes congestion relief 

procedures to ensure that the system is operated within constraints under both the normal and 

the contingency conditions. An example of such sequentially performed procedure is the 

market-based scheme using incremental/decremental offers in the first California ISO design 

[48]. In this scheme, each participating generator provides an incremental/decremental offer 

for raising/lowering its output at the specified prices so as to effectuate a change in the 

preferred schedule. The IGO adjusts the outputs of the participating generators to relieve the 

network congestion with the objective of minimizing the total re-dispatch costs. Each 

transaction then pays congestion charges equal to a prorated share of the total re-dispatch 

costs, determined using the so-called constraint allocation factors and load allocation factors 

[48]. An alternative allocation method based on physical flow considerations was proposed in 

[55].  

Other two-stage schemes relieve the transmission congestion by curtailing the 

transactions with the curtailments determined so as to meet an objective of minimizing the 

sum of the weighted deviations from the preferred schedules [56], [57]. The economic 

aspects of the transactions are incorporated through the judicious choice of weighting factors. 

While these schemes need not maximize the social welfare, they attain an optimum of the 

formulated objective while ensuring that there are no violations of the transmission 

constraints. 

The NERC transmission loading relief (TLR) scheme used in the Eastern Interconnection 

is a purely reliability-centered procedure performed by the so-called security coordinators [9]. 

In the TLR scheme, transactions are assigned priorities for transmission services and 
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curtailment depending on their firm/non-firm status. All non-firm transactions are curtailed 

ahead of firm transactions. Each transaction is curtailed in an amount proportional to its 

contribution to the flow on the overloaded line(s) [9]. The TLR scheme completely ignores 

the economic aspects of transactions since, in effect, each curtailed MW is treated as equal to 

any other curtailed MW. Note that, unlike the market-based schemes under which transactions 

may have the possibility to override curtailments by submitting a higher willingness-to-pay 

for congestion, no economic considerations are taken into account in TLR. Consequently, the 

resulting transmission schedules from this command and control scheme need not be efficient 

[58], [59]. 

There is also a category of congestion management schemes that simultaneously 

determine the energy market outcomes and the allocation of transmission services. The 

schemes in this category integrate transmission scheduling with the clearing of the 

IGO-operated pool market [16], [60, pp. 87-100], [61]. The pool sellers sell the electricity to 

the IGO and the pool buyers buy the energy from the IGO in the pool market. The market 

outcomes are determined as the optimal solution of an optimal power flow (OPF) problem 

formulation [62]-[64, pp.151-176] with the objective to maximize the social welfare subject 

to the transmission network constraints. The bilateral transactions request the desired 

transmission services from the IGO. The impacts of the bilateral transactions are explicitly 

incorporated by modifying the transmission constraints of the OPF. This category of 

congestion management schemes uses extensively the locational marginal prices (LMPs) in 

the manner originally proposed in [21]. The LMP at each network node is determined from 

the OPF solution as the dual variable of the nodal real power balance equation at that node. 



 

 12

Each pool seller at a given node is paid the LMP of that node for every MWh of electricity 

sold to the IGO in the hour h. Similarly, each buyer at a given node pays the LMP of that 

node to the IGO for every MWh bought in the hour h. Each bilateral transaction pays the 

congestion charges to the IGO equal to the product of the transaction amount and the LMP 

differences between the delivery and receipt nodes of the transaction. In the absence of 

congestion, the LMP at each network node in a lossless system has the same value, and so 

there are no congestion charges. However, when congestion occurs, the nonzero LMP 

differences and, consequently, nonzero congestion charges may arise between node pairs. In 

addition, the LMP differences also lead to a nonnegative surplus of the IGO, which is referred 

to as the merchandising surplus [15], [26] and corresponds to the difference of the payments 

of the pool buyers and the receipts of the pool sellers. The merchandising surplus and the 

total congestion charges assessed from the bilateral transactions constitute the congestion 

rents [5], [49] collected by the IGO.  

The LMP-based scheme was implemented in PJM [65] and its success prompted FERC 

to cast the LMP-based congestion pricing as a fundamental aspect of its standard market 

design (SMD) [7] proposal. An attractive feature of the LMP-based scheme is the ability to 

attain the market efficiency by explicitly maximizing the social welfare [66], [67]. A concern 

raised about this scheme is the lack of price certainty since the LMPs are determined ex post 

[51], [59]. In general, there are difficulties with the ability to correctly predict LMPs ex ante 

in large-scale networks [59].  

A variant of the LMP-based congestion pricing is a flow-based mechanism [47], [51] in 

which the congestion charges for the bilateral transactions are determined based on the 
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congestion condition of each flowgate. A flowgate is an element or a set of elements – lines 

or transformers – of the transmission grid across which a power flow limit may be binding 

[47]. A flowgate has a specified direction and a specified flow limit3. The flowgate is 

congested whenever the flow limit is binding in the specified direction. Each transaction is 

charged the marginal value of each congested flowgate for every MW flow on the flowgate 

associated with the transaction. For a given network with the DC power flow representation 

for the determination of the market outcomes, as is typically done in practice in various 

markets, it is possible to show that the total congestion charges on the flowgates are equal to 

the congestion charges evaluated using LMP differences [23], [68]. 

Another closely allied scheme to the LMP-based congestion pricing is zonal pricing [50], 

[52], [53]. The network is disaggregated into several interconnected zones so that virtually all 

the congestion occurs between zones and there is no intra-zonal congestion. All the nodal 

prices within a zone are set equal to the zonal price. The zonal price may be determined as 

the clearing price of a uniform price auction within the zone [53]. Inter-zonal flows are 

assessed the inter-zonal congestion charges based on the zonal price differences between the 

receiving zone and the sending zone [53]. Due to the limited number of zones compared to 

the large number of network nodes, the zonal pricing scheme is considered to be less volatile 

than the LMP-based scheme [52]. However, the single price in each zone may fail to reflect 

the impacts of the intra-zonal transactions on the flows on the congested inter-zonal lines 

[21].  

A detailed comparison of various congestion management methods was provided in [6] 

                                                 
3 A flowgate is sometimes specified with an associated contingency [46]. In this case, the limit of the flowgate 
is checked only under that specified contingency.  
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using a unified framework. While the LMP-based schemes manage to efficiently allocate the 

limited transfer capabilities of the network to the sellers and the buyers in the centralized pool 

markets, the issue of nondiscriminatory transmission provision to the bilateral transactions 

and the pool players has not been addressed. Considering the significant portion of loads 

served by the bilateral transactions in a practical system [18], a tool that provides 

non-discriminatory transmission services for both bilateral transactions and pool players is 

important and represents a major need.  

We next review the work in the area of financial transmission rights. Under LMP-based 

schemes, each transaction must pay the ex post congestion charges determined from the LMP 

difference between the receiving and sending node pair. But these differences are subject to 

wide variability due to the volatile nature of electricity markets and the ever changing loading 

of the network. Such volatility may deter or preclude the consummation of certain 

transactions4. To provide price certainty for the congestion charges, financial tools have been 

developed. The financial transmission rights (FTR) [21] and flowgate rights (FGR) [69] are 

representative examples of such tools.  

The FTR reimburse the holder the congestion charges collected by the IGO. The 

reimbursement is computed as the product of the FTR quantity and the LMP difference of the 

specified node pair [21]. When the LMP difference is nonnegative, the holder receives the 

reimbursement from the IGO. Otherwise, the holder pays to the IGO. As such, FTR constitute 

two-sided obligations for both the IGO and the holder [21]. In other words, FTR are forward 

contracts [70, p. 108] on the specified transmission services and have all the characteristics 

                                                 
4 Such issue also exists in the zonal pricing schemes since the zonal prices cannot be accurately predicted ex 
ante. 
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associated with such financial tools. The option type FTR – the so-called financial 

transmission options (FTO) – were introduced to overcome the undesirable aspect of FTR, 

namely the requirement that the holder reimburse the IGO whenever the LMP difference is 

negative [23]. The appropriate deployment of FTR provides price certainty for the congestion 

charges borne by a particular bilateral transaction. A detailed mathematical formulation for 

the deployment of the FTR was provided in [23]. FTR have been used in various 

jurisdictions, including the PJM [24], [65], [71] and the New York ISO [25]. In [21] and [72], 

the author claimed that FTR, together with the LMP-based congestion management scheme, 

can result in the efficient allocation of transmission services and provide incentives for the 

transmission investments. The difficulty lies in how to translate the short-run marginal prices 

to long-term price signals for investment planning purposes. The disadvantage of the FTR lies 

in the limited liquidity of the FTR market due to the limited number of transactions with the 

identical from/to node pairs and the requirement of the centralized markets for the FTR 

issuance. Such limited liquidity may significantly impact the effectiveness of the FTR 

applications [73], [74]. 

FGR reimburse the holder the congestion charges on a specified flowgate in the specified 

direction [47]. To provide price certainty for the congestion charges associated with a 

particular transaction, a properly constructed set of FGR is required to ensure recovery of the 

charges on each congested flowgate. A design of decentralized FGR markets was proposed so 

as to take advantage of the claimed greater liquidity of FGR markets over FTR [69]. A 

frequent criticism of FGR focuses on the number of the commercially valuable flowgates 

(CVFs) and the predictability of the CVFs when contingencies are taken into consideration 
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[67], [75], [76]. 

To combine the advantages of both FTR and FGR, the joint energy and transmission 

rights auction (JETRA) [77] was proposed. The JETRA simultaneously accommodates the 

trading of FTR, FGR and energy forward contracts. Customers may bid to buy and/or offer to 

sell any combination of these products. The authors claim that such a joint market may lead 

to the optimal mix of transmission rights and energy trading and, consequently, achieve 

overall market efficiency [77].  

The holding of FTR or FGR, in some cases, may enhance the ability of a player to 

exercise market power. Studies indicate that the holding of, virtually, any type of 

transmission rights may increase the market power of their holder [26], [27], [78]. Note that 

there are no physical scheduling rights associated with either FTR or FGR. These tools are 

purely financial. As such, considerably more market power can be exercised in the case 

where certain physical rights are also associated [26].  

While the use of FTR has become more widespread in many jurisdictions in North 

America and around the world, many issues related to the deployment of such financial 

instruments have yet to be addressed. A major concern is the liquidity of the FTR markets. 

How to exploit the properties of the FTR and design schemes to enhance the FTR market 

liquidity are topics that present a critical need for transmission customers.  

The issues requiring further attention provide the motivation for the work presented in 

this report. We next describe the scope of the work undertaken, the key contributions and 

then present an outline of the contents of the report. 
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1.3 Scope and contributions of this report 

The review presented in Section 1.2 indicated some key needs in the research and 

application of the LMP-based transmission scheduling and congestion pricing schemes and 

FTR. These needs include schemes for the nondiscriminatory transmission service provision 

for bilateral transactions and pool players and the analysis of various congestion management 

schemes. In addition, the comparative evaluation of the usefulness of a generation resource 

addition and that of a transmission transfer capability enhancement for congestion relief 

purposes under a given congestion management scheme is another important need. We 

discuss the critical need for improving the liquidity of the FTR financial markets. To address 

these and other allied issues of interest in the analysis of congestion and the study of 

congestion management schemes, an appropriate analytical framework would be particularly 

useful. This report proposes such a framework and discusses its effective deployment as a 

vehicle to study a wide range of congestion related issues.  

Our focus is on a single specified hour h and we analyze the physical transmission 

network, the day-ahead commodity market and the FTR financial markets associated with 

that hour h. We develop appropriate models to represent the basic characteristics of these 

three constituent elements of electricity markets and develop a framework based on these 

models and their inter-relationships. The framework has a three-layered structure with one 

layer for representing the physical transmission network, a second for the commodity market 

and a third for the FTR financial market. The interactions among the layers are represented 

with appropriately designed information flows. The modular structure of the layered 

framework provides the flexibility to accommodate various market designs for commodity 
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and FTR markets. The proposed framework is extendable and has the capability to be applied 

to a wide range of issues that arise in the congestion and congestion management areas.  

The non-discriminatory transmission scheduling problem is addressed in the development 

of the framework to represent the interactions between the commodity market and the 

physical network. In particular, we propose a new scheduling tool for the provision of 

non-discriminatory transmission services simultaneously to both the pool players and the 

bilateral transactions. The resulting schedule is notable for explicitly representing the 

contributions of the bilateral transactions to the social welfare, thereby providing a more 

realistic representation of the social welfare. The proposed tool results in the more efficient 

utilization of the limited transmission transfer capabilities when compared to that given by 

the existing transmission scheduling tools. Similarly, the proposed tool determines more 

realistic LMPs and, consequently, LMP differences for computing the congestion charges 

than do the existing tools. Such improvements are illustrated through simulation studies on a 

number of different systems. 

In the modeling of FTR and the financial markets, we exploit the characteristics of FTR 

and introduce the new notion of FTR payoff parity. We use this notion to design secondary 

FTR markets which provide increased flexibility for FTR trading and, consequently, 

enhanced liquidity.  

We apply the proposed framework and the scheduling tool to address some important 

issues arising in transmission congestion management. An innovative application is the 

introduction of substitutability in a measurable way of a generation resource addition and a 

transmission transfer capability enhancement for congestion relief purposes. We assess the 
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impacts of a generation resource addition and those of a transmission transfer capability 

enhancement on the outcomes of the commodity markets. The meaningful metric used allows 

the consistent side-by-side comparison of the two modifications. In this way, we assess the 

substitutability of a generation resource addition for a transmission transfer capability 

enhancement. Empirical results on various test systems are provided to illustrate the 

analytical results.  

The framework and its applications presented in this report establish a solid basis for the 

analysis of transmission congestion and the design of effective congestion management 

schemes.  

1.4 Report outline 

This report contains seven additional chapters. We start with a brief review of the 

structure of the day-ahead hour h pool market in Chapter 2. We represent the behavior of the 

pool sellers and buyers and describe the clearing mechanism of the market. The construction 

and characteristics of the bilateral transactions are also discussed in this chapter.  

In Chapter 3, we describe the typical modeling of the transmission network and 

transmission congestion for use in the market analysis. We use the simplified power flow 

equations to represent the steady state behavior of the network. We represent the transmission 

constraints under both the base case and the set of postulated contingency cases that are 

imposed to ensure that system reliability is maintained. To provide computational tractability, 

we derive the basic distribution factors and show their application in the modeling of 

transmission congestion.  
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We formulate the generalized transmission scheduling problem (GTSP) in Chapter 4 

which we use as the tool to provide nondiscriminatory transmission services. The GTSP 

determines simultaneously the allocation of transmission services to both the bilateral 

transactions and the pool players, taking into account the economics of the markets and the 

physics of the grid. We assess the capabilities of the GTSP and quantify the improvements of 

its solutions over those of existing transmission scheduling tools. The quantifiable benefits of 

the GTSP solutions are illustrated on various test systems.  

Chapter 5 is devoted to the study of FTR and the FTR financial markets. We start with a 

discussion on the rationale and the motivation for the introduction of the FTR. Then, we 

review the definition of FTR and analyze the basic characteristics of these financial 

instruments. The role of the FTR in providing price certainty for the congestion charges is 

discussed and the FTR payoff parity concept is introduced. We also describe the structure of 

FTR financial markets and present the models used in the FTR issuance and secondary 

markets.  

We devote Chapter 6 to the development of the proposed analytical framework for the 

study of congestion and congestion management. We make effective use of the models 

discussed in the previous chapters in the construction of the multi-layer framework. We 

design appropriate information flows to represent the interactions between these layers. In 

addition, we illustrate the capability of the framework with three specific applications: the 

assurance of the IGO revenue adequacy, the design of secondary FTR markets with added 

liquidity and the extension of the framework for the study of issues that involve a longer time 

horizon.  
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In Chapter 7, we use the framework to study the substitutability of the generation 

resource addition and transmission transfer capability enhancement for transmission 

congestion relief. We start with an example that motivates the notion of substitutability as 

used in this report. Then, we analyze the impacts of a generation resource addition and those 

of a transmission transfer capability enhancement on the outcomes of the commodity markets. 

We define and quantify the notion of substitutability using a meaningful metric. We provide 

illustrations of the verification of the analytical results by simulations on a variety of test 

systems. 

 Concluding remarks are provided in Chapter 8. We summarize the work presented in this 

report and also discuss topics for future research.  

This report has three additional appendices. Appendix A provides a summary of the 

acronyms and the notation used in the report. In Appendix B, we provide the more intricate 

proofs of a theorem and some of the analytical claims in the report. The data of the test 

systems used in the simulation studies are provided in Appendix C. 
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2   THE DAY-AHEAD ELECTRICITY 
MARKETS 

Congestion management is intimately involved with the electricity commodity markets. 

In this chapter, we introduce the structure of such markets and discuss the key aspects of the 

electricity trading.  

While there are different market implementations in the different jurisdictions around the 

world, we concentrate on the typical market structure widely adopted in North American 

markets in which a uniform price auction coexists side-by-side with bilateral transactions. 

Such market implementations are consistent with the basic guidelines in [5], [7], [14], [18], 

[21], [64]. Examples include Pennsylvania-New Jersey-Maryland ISO (PJM-ISO) [79], New 

York ISO (NY-ISO) [80] and ISO New England (ISO-NE) [81]. 

This chapter contains four sections. We devote section 1 to provide a brief review of the 

time frame and the basic structure of the day-ahead commodity markets. In section 2, we 

review the uniform price auction and its representation by the market clearing model. This 

model allows the evaluation of the key market metrics. The bilateral transactions and their 

interactions with the pool auction mechanism are discussed in section 3. We summarize the 

chapter’s key points in section 4. 

To concentrate on the market structure, we neglect the transmission constraints in this 

chapter and discuss the transmission-unconstrained markets only. The impacts of the 

transmission network on the commodity markets are treated in Chapters 3 and 4. 
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2.1 The basic structure of electricity markets 

In this report, we adopt the time line convention used in congestion management and 

define one hour to be the smallest indecomposable unit of time. We focus on a specified hour 

h and consider the commodity markets for the electricity in this hour. There are two types of 

markets coexisting side-by-side – the centralized pool markets run by the centralized 

electricity market operator or CEMO and the bilateral transactions.  

The pool markets for hour h consist, in fact, of a sequence of different uniform price 

auction markets. According to the time at which market decisions are taken, these markets 

can be classified as forward markets such as the year-ahead market and the month-ahead 

market, spot markets such as the day-ahead market, as well as real-time markets which occurs 

several minutes prior to the real-time dispatch. The time line of these markets is given in 

Figure 2.1. 

 

Figure 2.1:  Time frame for the electricity markets 

Our focus is on the day-ahead market for hour h5. The structure of this market is shown 

in Figure 2.2. In this market, the pool sellers indicate their willingness to sell electricity to the 

CEMO by submitting sealed offers specifying the quantities and prices for sale. At the same 

time, the pool buyers submit sealed bids to indicate their willingness to buy the electricity 
                                                 
5 There are 24 separate day-ahead markets everyday, one for each hour of the next day. We focus on the one 
corresponding to the specified hour h. 
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from the CEMO. From the collection of these offers and bids, the CEMO determines the set 

of successful offers and bids and the market clearing price or MCP. Each trade in this market 

is between a pool player and the CEMO as indicated in Figure 2.2. The settlement of this 

market typically occurs once a month as shown in Figure 2.1. Each buyer pays the CEMO the 

MCP for every MW bought in this market and each seller receives payment from the CEMO 

equals the product of the MCP and the MWs sold in this market. 

 
Figure 2.2:  Structure of the day-ahead centralized electricity market 

The bilateral transactions, typically negotiated at some earlier dates and covering a 

longer duration period, provide additional means for trading electricity. A bilateral 

transaction is a privately negotiated electricity trading contract between a pair of willing 

selling and buying entities. This trading arrangement is depicted in Figure 2.3. The trading 

quantity and price are privately negotiated between the seller and buyer and the payment goes 

 

Figure 2.3:  A bilateral transaction 
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directly from the buyer to the seller.  

In the next two sections, we characterize the day-ahead pool market and the bilateral 

transactions. Note that the only commodity that is traded in these markets is the electricity 

produced and consumed at hour h. Consequently, we suppress the time notation hereafter. 

2.2 The day-ahead pool market 

We denote by sN  and bN  the number of pool sellers and pool buyers, respectively. 

In the day-ahead pool market, each seller submits a sealed offer to the CEMO specifying the 

MWh/h amount of electricity and the associated price it is willing to sell in the specified hour 

h. We denote the integral of the seller’s marginal offer price by ( )s s
i ipβ , 1, 2, , si N= , 

where s
ip  is the amount of energy sold to the CEMO by seller i. We assume ( )s

iβ ⋅  to be 

nonnegative, differentiable and convex6. Also, each pool buyer submits to the CEMO a sealed 

bid with the desired purchase amount and the associated maximum price it is willing to pay. 

The integral of the marginal bid price is denoted by ( )b b
j jpβ , 1, 2, , bj N= . Here, b

jp  

is the purchase quantity of the buyer j in this market. We assume ( )b
jβ ⋅  to be nonnegative, 

differentiable and concave. 

The CEMO collects these offers and bids and determines the set of successful bids and 

offers and the market clearing price. The CEMO’s decision is based on the objective to 

maximize the social welfare of the pool market.  

Definition 2.1: The pool social welfare S  is a measure of the net benefits of the sales  

                                                 
6 For the sake of simplicity, we do not represent the maximum and minimum output of each seller. Conceptually, 
such information can be represented by different offer prices submitted. 
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and purchases in the pool market, i.e., the difference between the total benefits of the 

pool buyers and the total costs of the pool sellers 

( ) ( ) ( )1 1
1 1

, , , , ,
b s

s b

N N
s s b b b b s s

j j i iN N
j i

p p p p p pβ β
= =

−∑ ∑S  . (2.1)

 

The outcomes of the pool market must also satisfy the supply-demand balance. Consequently, 

the decision-making process of the CEMO involves the solution of the following optimization 

problem: 
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 (2.2)

Since the transmission constraints are not represented in this problem, we refer to (2.2) as the 

transmission unconstrained market clearing problem or TUP. The optimal solution 

( )* * * *
1 1, , , , ,s b
s s b b

N N
p p p p  of the TUP in (2.2) determines the sales and purchases of the 

pool players. Each seller i sells *s
ip  MWh/h electricity to the CEMO and each buyer j 

purchases electricity from the CEMO in the amount of *b
jp  MWh/h for the hour h. The 

optimal value *µ  of the dual variable µ  associated with the supply-demand balance 

equation determines the uniform MCP. This is the price paid to all the sellers and the price 

paid by all the buyers for each MWh electricity traded in this market.  

The TUP may be solved using the so-called “merit order dispatch” technique [64, 

p.302]. Essentially, the CEMO constructs the aggregated supply curve by sorting the pool 

sellers’ offers according to their marginal offering prices. Similarly, the aggregated demand 
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curve is constructed by sorting the pool buyers’ bids according to their marginal bid prices. 

Then the intersection of the aggregated supply and demand curves determines the optimal 

solution and dual variable of (2.2) as indicated in Figure 2.4.  

           

Figure 2.4:  Merit order dispatch 
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Definition 2.3: The consumer surplus *b
jS  of the buyer j measures the difference 

between the value of the energy purchased at its bid prices and what it actually paid to 

buy the electricity. For the buyer j,  

( )* * * *b b b b
j j j jp pβ µ= −S . (2.5) 

 

The total producers’ surplus is the sum of the producer surplus of all the sellers in the 

entire market. Similarly, the summation of the consumers’ surplus of all the buyers is termed 

the total consumers’ surplus. The relationship between these two metrics and the aggregated 

supply and demand curves is illustrated in Figure 2.5. Clearly, the pool social welfare *S  

given by (2.3) is simply the sum of the total producer surplus and the total consumer surplus. 

Consequently, the social welfare is sometimes referred to as social surplus [60, pp. 53-54]. 

           

Figure 2.5:  Total consumers’ surplus and total producers’ surplus 
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between a selling entity and a buying entity. Conceptually, the bilateral transactions may be 

contracted at any time before the day-ahead market. Typically, such deals are negotiated and 

signed as long as months and years ahead of the hour h as indicated in Figure 2.1 [14].  

There are two different types of bilateral transactions in the current electricity markets in 

North America. One type is the so-called contract-for-differences which is essentially a 

financial forward contract [82, p. 95] on electricity. Such a contract specifies the MWh/h 

quantity and the per MWh price. Under this purely financial contract, the seller does not 

provide the commodity and the buyer gets no delivery from the seller. Rather, the buyer and 

seller have a purely financial arrangement under which the seller reimburses the buyer 

whenever the spot market price exceeds the strike price – the per MWh price specified in the 

contract – and vice versa when the spot price is below the strike price. Clearly, such contracts 

protect the sellers and buyers from the price volatilities in the spot markets. The newly 

designed market structure in Midwest ISO adopts this type of bilateral transaction for all the 

bilateral trading within its footprint [83].  

Another type involves the actual physical delivery of the electricity as a true commodity 

forward contract. The seller must deliver the commodity in the hour h, either as a result of its 

own production or by purchasing the commodity from other producers. Similarly, the buyer 

is obligated to take delivery of the specified amount of electricity. Such a contract guarantees 

both the delivery of the commodity and the price at which the electricity is sold or purchased. 

If either the seller or the buyer cannot satisfy its responsibility, penalties such as liquidated 

damages [84] may be involved to compensate the losses of the buying entity. Examples of 

such bilateral transactions include those used in PJM, ISO-NE and NY-ISO. In this report, we 
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focus on this type of bilateral transactions only. Therefore, we refer to bilateral transaction as 

an energy sales forward contract negotiated between a selling entity and a buying entity 

which specifies the price, quantity and duration of the trade. The bilateral transaction prices 

are private information of the trading entities and, typically, are not publicly available. The 

duration of the contracts typically covers months to years. In this thesis, our focus is on the 

specified hour h which is during the term of the contract.   

The existence of the bilateral transactions may impact the outcomes of the pool markets. 

Such impacts will be discussed in the chapters that follow. 

2.4 Summary 

In this chapter, we reviewed the structure and basic model of the hourly day-ahead 

markets implemented in North America. We considered both the centralized pool market and 

the bilateral transactions. The basic market clearing model described the determination of the 

pool market outcomes and typical metrics were given.  

Clearly, transmission services are required by both the pool market entities and the 

bilateral transactions to deliver the energy from the sellers to the buyers. In this chapter, we 

have assumed the existence of sufficient transmission transfer capabilities of the network and 

neglected the transmission constraints. Such assumptions may not hold in reality. In the next 

two chapters, we represent the transmission constraints and study their impacts on the 

outcomes of the commodity markets. 
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3  PHYSICAL NETWORK AND CONGESTION 
MODELING 

In Chapter 2, we assumed the transmission network to have sufficient capability to 

simultaneously accommodate the needs of all the pool market outcomes and the desired 

bilateral transactions. This assumption, however, may not always hold. Due to the physical 

limits of the transmission network and to ensure the reliable operation of the power system, 

various constraints are imposed which, in effect, limit the transfer capability of the grid. 

Congestion occurs when any one of these constraints is binding so that not all the pool 

outcomes and the bilateral transactions can be simultaneously accommodated in hour h. 

Presence of congestion may result in changed pattern of generation dispatch in the pool and 

curtailment of the bilateral transactions [9]. In fact, congestion in the transmission network is 

the single most critical obstacle to vibrant competitive electricity markets [7].  

Congestion management requires explicit modeling of the various transmission 

constraints. In this chapter, we describe the typical modeling of the network and the 

representation of the transmission constraints that restrict the transfer capabilities of the grid. 

Our focus is on a snapshot of the transmission grid in hour h and we assume the network 

topology and parameters do not vary in that hour. To provide computational tractability, we 

use the so-called distribution factors [32] - [37], [40]. These factors are linear approximations 

of the sensitivities of variables with respect to various inputs and are computed for a specified 

network topology and parameter values. We derive all the required basic distribution factors 

using a unified approach and investigate their role in the congestion modeling. The results are 
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presented in this chapter and they constitute one of the contributions of this report.   

This chapter consists of four sections. In section 1, we describe the basic characteristics 

of the transmission network. Section 2 presents the modeling of various transmission 

constraints to ensure the system reliability and construct the model used for congestion 

management. In section 3, we derive the basic distribution factors and illustrate their role in 

the congestion modeling. We summarize the work of this chapter in section 4. 

3.1 Physical network description 

We consider a transmission network with N + 1 buses and L lines. We denote by 

{ }0 ,1 , 2 , , NN  the set of buses, with the bus 0 being the slack bus. We use the set 

{ }1 2, , , LL  to represent the transmission lines and transformers that connect the 

buses in the set N . We associate with each element ∈ L  the ordered pair ( ),i j  and we 

write ( ),i j= . The series admittance of line  is denoted by g j b− . We adopt the 

convention that the direction of the flow on line  is from node i to node j so that 0f ≥ , 

where f  is the real power flow on line . We construct the L-vector 

[ ]1 2, , , T
Lf f f=f .  

We denote by { }1 2, , ,d Ldiag b b bB  the L L×  diagonal branch susceptance 

matrix. We use [ ]1 2, , , T
LA a a a  as the augmented ( )1L N× +  branch-to-node 

incidence matrix with 

0 1
0 0 01 0 0 -10 0

Tji N⎡ ⎤
⎢ ⎥⎣ ⎦

a ,  1, 2, , L=  . (3.1)

The algebraic sum of the columns of A  vanishes since  

1N +1 0A =  , (3.2)
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where, [ ]1 11,1, ,1 TN N+ +∈1 . The augmented nodal susceptance matrix is 

T
dB A B A  (3.3)

and B  is singular since 

1 1N T N
d

+ +1 1 0B = A B A =  . (3.4)

Next, we obtain the reduced incidence matrix A  from A  by removing the column 

corresponding to the slack node. Thus,  

[ ]1 2, , , T L N
L

×∈A a a a  . (3.5)

Each , 1, 2, ,N L∈ =a  and A  is full rank [29, p. 134]. Analogously, we partition 

the ( ) ( )1 1N N+ × +  matrix B  as 

00 0

0

Tb⎡ ⎤
⎢ ⎥
⎣ ⎦

b
B =

b B
 , (3.6)

where B  is the reduced nodal susceptance matrix. Note that  

T N N
d

×∈B A B A  (3.7)

is nonsingular because dB  is nonsingular since 0b ≠  for each line . We denote by 

m nB  the element in row m, column n of B . Similarly, we denote by 

{ }1 2, , ,d Ldiag g g gG  the L L×  diagonal branch admittance matrix and define the 

reduced nodal admittance matrix as 

T N N
d

×∈G A G A . (3.8)

We denote by mnG  the element at row m column n of G . 

The steady state behavior of the transmission network may be represented by the 

well-known power flow equations [29, p. 97]. We denote the net real power injection at node 

n ∈ N  by np  and construct 1 2, , ,
T

Np p p⎡ ⎤⎣ ⎦p . These injections represent the 

impacts of both the pool market outcomes and the bilateral transactions. Similarly, we denote 
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by nq , n ∈ N  the net reactive nodal injections and define 1 2, , ,
T

Nq q q⎡ ⎤⎣ ⎦q . We 

denote the state of the system by s
V
θ⎡ ⎤

⎢ ⎥
⎣ ⎦

. Here 1 2, , ,
T

Nθ θ θ⎡ ⎤⎣ ⎦θ  is the vector of 

nodal voltage phase angles and 1 2, , ,
T

NV V V⎡ ⎤⎣ ⎦V  is vector of nodal voltage 

magnitudes. The power flow equations are stated as 

( )
( )

( )
P

Q

⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦ ⎣ ⎦

p g s
g s

q g s
 (3.9)

where the two sets of equations represent the real and reactive power balances, respectively, 

at the network nodes. 

To complete the description of the network, we also need another set of equations to 

represent the relationship between the real power line flows and the state variables: 

( )=f h s  , (3.10)

where, 

( )

( )
( )

( )

1

2

L

h

h

h

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

s

s
h s

s

  , (3.11)

with 

( ) ( ) ( )2
i i j i j i j i jh g V V V cos b V V sinθ θ θ θ⎡ ⎤ ⎡ ⎤= − − + −⎣ ⎦ ⎣ ⎦s  . (3.12)

Then, the description of the network and the real power flows on the lines are summarized by 

(3.9) and (3.10).  

3.2 Reliability considerations and congestion modeling 

Reliability is a basic requirement for the operation of the electric power system. To 
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ensure the reliability, the system operating point must satisfy certain restrictions under both 

the base case and a pre-defined set of contingency cases. A contingency refers to a possible 

change in the power system such as the outage of a transmission line or a generator. When a 

contingency occurs, the parameter and/or structure of the network may change and, 

consequently, the dimensions and/or the values of the matrices dB  and A  in section 3.1 

may vary. We denote by { }0, 1, 2, , CC  the index set for the system conditions 

including condition 0 which refers to the base case. Indices 1, 2, , C  represent the 

postulated contingency cases. We use the super script (c) to denote the state/parameter values 

associated with the condition index c ∈C . For example, (2)B  refers to the nodal 

susceptance matrix corresponding to the network structure when contingency with index 2 

occurs. 

For each contingency case represented by the index c ∈C , 0c ≠ , we have the power 

flow equations and the expressions for the real power line flows analogous to those of the 

base case in (3.9) and (3.10). In addition to these power flow equations, the system operating 

points must also satisfy another set of inequality constraints under the base case and the set of 

contingency cases. These constraints are imposed due to either the physical characteristics of 

the network facility, such as the thermal limits of the transmission lines, or the system 

stability requirements, such as the transient voltage stability constraints. In this report, we 

limit our consideration to only the real power line flow limits as represented by 

( ) ( ) , , 0, 1, 2, ,c max cf f c C≤ ∀ ∈ =L    . (3.13)

where ( )max cf  is the real power line flow limit of line  under condition index c and is a 

specified limit. Note that the real power flow limit of a specified line may be different under 
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various contingencies due to factors such as reactive power flow pattern. Therefore, the value 

of ( )max cf  may vary for different index c ∈C . We define 

( ) ( ) ( ) ( )
1 2, , ,

Tmax c max c max c max c
Lf f f⎡ ⎤⎣ ⎦f . (3.14)

While other constraints may be represented in an analogous way, they are not considered in 

this work. Congestion in the network occurs when one or more constraints in (3.13) are 

violated.   

Definition 3.1: We call the line  congested if the actual real power flow through the 

line equals the line flow limit under the base case and/or one or more contingency 

case(s), i.e., there exists an index c ∈C  such that 

( ) ( )c max cf f= . (3.15)

We call the transmission system congested if there are one or more congested lines in 

the network. 

 

Note that in (3.15), we explicitly recognize that the limiting flow under a contingency may be 

a function of the contingency. We use the characterization of congestion in Definition 3.1 

throughout this report.  

The power flow equations (3.9), the real power line flow function (3.10) and the 

transmission constraints (3.13) constitute the model of the transmission network for the study 

of congestion. Clearly, a key aspect of the congestion modeling is the computation of ( )cf  

for the base case and each contingency case. A straightforward solution is to solve the power 

flow equations given in (3.9) - (3.12) for each condition index c ∈C . Note that these 

equations are nonlinear and involve large-scale systems for practical network. Consequently, 
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solution of these equations is computationally demanding and may be intractable, particularly 

when a large number of contingency conditions are considered. Given the high frequency of 

congestion occurrences in the daily operations of the competitive markets, the use of the 

nonlinear AC power flow scheme may not be practical. In the next section, we simplify the 

computation by introducing the so-called distribution factors.  

3.3 Distribution factors and their role in congestion modeling 

In this section, we review the notion of distribution factors. We derive the necessary 

factors for the study of congestion using a unified approach and discuss their role in 

congestion modeling. 

We first consider the base case condition. The variables of interest corresponding to the 

base case steady state condition are (0)p , (0)q , (0)s  and (0)f  and they are related 

through: 

( )
( ) ( )

( )

(0)(0)
(0)

(0) (0)

(0) (0)

P

Q

⎧ ⎡ ⎤⎡ ⎤
⎪ ⎢ ⎥=⎢ ⎥⎪ ⎢ ⎥⎢ ⎥⎨ ⎣ ⎦ ⎣ ⎦
⎪

=⎪⎩

g sp
g s

q g s

f h s

 (3.16)

We assume the reactive injections at all the network nodes remain constant and consider a 

small change ∆ p  that changes the injection from (0)p  to (0) + ∆p p . We denote by s∆  

the corresponding changes in the state s  and, similarly by ∆ f  the changes in the real 

power line flows f . We assume the system remains in balance and neglect the changes in 

losses so that, for every MW increase in the injection at node ≠n 0 , there is a corresponding 

MW increase in the withdrawal at the slack node 0, i.e.,  
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0
0

N

n
n

p
=

∆ =∑  . (3.17)

We write the first order Taylor’s series expansion about (0)s : 

( ) ( )

( ) ( )

(0)

(0)

(0)
(0) (0)

(0)

(0) (0) (0)

. . .

. . .

h o t

h o t

⎧ ⎡ ⎤+ ∆ ∂
⎪ = + ∆ = + ∆ +⎢ ⎥

∂⎪ ⎢ ⎥⎣ ⎦⎨
∂⎪ + ∆ = + ∆ = + ∆ +⎪ ∂⎩

s

s

p p g
g s s g s s

sq

hf f h s s h s s
s

  , 
(3.18)

where, h.o.t. represents the higher order terms, i.e., those of order greater than 1. For “small” 

∆ p , s∆  is “small” and so we neglect these higher order terms, resulting in the approximate 

relations 

(0)

(0)

⎧ ∂∆⎡ ⎤
≈ ∆⎪ ⎢ ⎥ ∂⎣ ⎦⎪

⎨
∂⎪ ∆ ≈ ∆⎪ ∂⎩

0 s

s

gp
s

s

hf s
s

     . 
(3.19)

We assume 

( )
(0)

(0)

(0)

P P

Q Q

⎡ ⎤∂ ∂
⎢ ⎥∂ ∂ ∂⎢ ⎥= ⎢ ⎥∂ ∂ ∂⎢ ⎥
⎢ ∂ ∂ ⎥⎣ ⎦

s

s

g g
g θ V

J s
s g g

θ V

 (3.20)

to be nonsingular and henceforth drop the vertical bar in the notation so that  

( ) ( )1 (0) 1 (0)− −
∆⎡ ⎤ ⎡ ⎤

∆ ≈ = ∆⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦ 00

p I
s J s J s p  (3.21)

and  

( )1 (0)− ⎡ ⎤∂ ∂
∆ ≈ ∆ = ∆⎢ ⎥∂ ∂ ⎣ ⎦0

Ih hf s J s p
s s

 (3.22)

The sensitivity matrix in (3.22) depends on (0)s  and this dependence on the system 

operating point makes it less than practical for power system applications.  
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To simplify the computation of the sensitivity matrix, we next introduce the assumptions 

used in the derivation of DC power flow models [31, p. 99]: 

• the nodal voltages are maintained close to 1.0 p.u.; 

• the angle difference between the two nodes of line  is very small, so that 

( )sin i j i jθ θ θ θ− ≈ −  and ( )cos 1i jθ θ− ≈ ; 

• g b  so that the losses on the lines are negligible. 

These assumptions yield the following approximations7  

P

P

Q

d

⎧ ∂
≈⎪

∂⎪
⎪ ∂⎪ ≈
⎪ ∂
⎪

∂⎪ ≈⎨ ∂⎪
⎪ ∂

≈⎪
∂⎪

⎪ ∂
≈⎪

∂⎪
⎩

0

0

0

g
B

θ
g
V
g
θ
h B A

h
V

θ

 (3.23)

so that  

( )1 (0) 1
d

− −⎡ ⎤∂
∆ ≈ ∆ ≈ ∆ ∆⎢ ⎥∂ ⎣ ⎦0

Ihf J s p B A B p p
s

Ψ  (3.24)

We henceforth replace the approximation by the equality 

∆ = ∆f pΨ  (3.25)

Definition 3.2: The L N×  matrix 1
n dψ −⎡ ⎤ =⎣ ⎦ B A BΨ  is called the injection 

shift factor (ISF) matrix; The ISF of a line ∈ L  with respect to a change in injection 

at node 0n n∈ ≠N ,  is the element nψ  in row , column n of Ψ . 

                                                 
7 To simplify the notation, we henceforth omit the superscript (0) for base case parameters. 
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Clearly, Ψ  is an approximation of the sensitivity matrix and, since dB , A  and B  are 

solely determined by the network topology/parameters, Ψ  is independent of (0)s . Note that 

each ISF nψ  is defined implicitly under the assumption that there is a corresponding 

change 0p∆  in the injection at the slack node 0 with 0 np p∆ = − ∆ . Therefore, the ISF 

explicitly depends on the slack bus. Change in the location of the slack bus may lead to a 

change in the ISF value. The notion of the ISF may be extended to include the slack bus 0. 

Since the injection and withdrawal buses are identical in this case, 0 0ψ ≡  for each 

∈ L . 

We denote by ( )nH  the set of nodes that are connected to node n. A line ( ),i j=  is 

radial if either ( ) { }i j=H  or ( ) { }j i=H . For the radial line  with ( ) { }i j=H , 

0i ≠ , 

1    if
0  otherwisen

n i
ψ

=⎧
= ⎨

⎩
 (3.26)

since the only impact on line  is due to the injection at node i. For each other line ′ ≠ , 

the injection change at the terminal nodes i and j of line  has the same impact, i.e., 

   
i j

ψ ψ
′ ′

′= ∀ ≠  . (3.27)

In market applications, we are interested in the impacts of a bilateral transaction on the 

real power line flows. A bilateral transaction may be represented by an injection at the 

seller’s node and a withdrawal at the buyer’s node. We use the ordered triplet 

{ }, ,w w w wm n tω , 1, 2, ,w W=  to represent the transaction from node wm  to node 

wn  in the amount wt  MW and denote by { }1 2, , , Wω ω ωW  the set of all the 

bilateral transactions. We consider the impact of changing the amount of the transaction 
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wω ∈ W  from wt  to wt t+ ∆ . This corresponds to 

w wm n
p t p∆ = ∆ = − ∆  . (3.28)

We compute the corresponding real flow changes in line  from 

( )w w w w w wm m n n m n
f p p tψ ψ ψ ψ∆ = ∆ + ∆ = − ∆  (3.29)

The ISF difference term is called the power transfer distribution factor (PTDF) of line  

with respect to the bilateral transaction wω . 

Definition 3.3: The power transfer distribution factor (PTDF) wϕ  is the linear 

approximation of the sensitivity of the real power flow in line  with respect to the 

quantity of the bilateral transaction { }, ,w w w wm n tω =  

0
lim w w

w
m nt

f
t

ϕ ψ ψ
∆ →

∆
= −

∆
 (3.30)

 

In this case, the compensation at the slack bus cancels out since 

( )0 0m np p p∆ = − ∆ − ∆ = . As such, the PTDF is independent of the slack bus.  

Clearly, both the ISFs and PTDFs are defined to be small-signal sensitivities. In many 

applications, however, they are also used to compute large-signal quantities. For example, the 

total power flow in a line is often evaluated using the ISFs by simply replacing the ∆ f  by 

f  and ∆ p  by p  in (3.25) so that 

f pΨ=  . (3.31)

Note that this expression is mathematically equivalent to the DC power flow representations 

[31, p. 99] 

d

=⎧⎪
⎨

=⎪⎩

p

f

Β θ

Β Α θ   . 
(3.32)
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Both of (3.29) and (3.30) will be used in the models for the congestion analysis in the rest of 

this report.  

Substituting (3.31) into (3.13) yields the simplified base case model of the transmission 

constraints 

max≤p fΨ  . (3.33)

Note that the transmission constraints need to be satisfied also under the contingency cases. 

The distribution factors also play a role in the modeling of the transmission constraints under 

a specified contingency. When a contingency occurs, the network topology and/or parameter 

may change and, consequently, the dimension and/or the value of the ISF matrix may vary. 

The investigation of the computation of post-contingency distribution factors has shown that 

these factors are linear combinations of the base case ISFs [34]. The substitution of the base 

case ISF matrix Ψ  in (3.33) by the post-contingency ISF matrix ( )cΨ  yields the 

distribution factor representation of the transmission constraints for the specific contingency 

index c ∈C . Therefore, the transmission constraints under both the base case and the set of 

contingency cases in C  may be represented by 

( )( ) ( ) max cc c ≤p fΨ  ,     0 ,1, 2, ,c C∀ = . (3.34)

The use of this linearized model significantly reduces the computation efforts required for 

congestion analysis and consequently, is widely adopted in actual industry practice. However, 

the distribution factors are approximations of the real sensitivities and, consequently, usage of 

the distribution-factors-based congestion model in (3.34) may introduce errors. In Chapter 6, 

we investigate these errors to show the effectiveness of this model. In particular, we examine 

the range of conditions over which this model can provide a reliable approximation for large 
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power system networks. Numerical studies on various systems are also provided in Chapter 6 

to illustrate the capability of the ISFs and the PTDFs to compute good approximations under 

a variety of loadings, system conditions and parameter values. Our results indicate the errors 

of the approximations stay in an acceptable range under a broad spectrum of conditions. 

3.4 Summary 

In this chapter, we reviewed the representation of the transmission grid and constructed 

the model of transmission congestion. Starting with the description of the network, we 

represented the transmission constraints that are imposed to ensure the reliable operation of 

the network. We derived the basic distribution factors from the power flow equations and 

illustrated their role in modeling of transmission congestion. The models presented in this 

chapter establish the basis for the analysis of transmission congestion and constitutes one of 

the contributions of this report. 
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4   SCHEDULING OF NON-DISCRIMINATORY 
TRANSMISSION SERVICES 

Due to the constraining effects of the transmission network, the simultaneous 

accommodation of all the pool market outcomes and the desired bilateral transactions in the 

hour h of interest may not be feasible. In such cases, the limitation in the transmission 

services becomes an active constraint in the determination of the day-ahead market outcomes. 

In the new competitive environment, the independent entity responsible for the provision of 

transmission services is the independent grid operator or IGO introduced in Chapter 1. 

Typically, the IGO’s responsibilities also include the operations of the centralized electricity 

markets as well as ensuring reliability for the interconnected power system. In such cases, the 

IGO assumes the role of the CEMO discussed in Chapter 2. Therefore, the IGO collects the 

pool player offers and bids as well as the transmission requests from the bilateral transactions 

and determines the pool market outcomes and the transmission schedules for each hour of the 

day-ahead markets.  

According to the FERC Order No. 888 [1], the IGO must provide nondiscriminatory 

transmission services to both the pool players and the bilateral transactions. The 

determination process of the transmission service provision is modeled by the so-called 

transmission scheduling problem [56], [57], [85]. While the allocation of the transmission 

services without bilateral transactions has been investigated in the literature [12], [16]-[19], 

the nondiscriminatory transmission provision to bilateral transactions and to pool players has 

not been addressed. In this chapter, we propose a new formulation for the scheduling problem 
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in which the transmission services are provided simultaneously to the bilateral transactions 

and the pool players on a nondiscriminatory basis. We call this the generalized transmission 

scheduling problem (GTSP). The construction and analysis of the GTSP formulation is a 

major contribution of this report.    

This chapter contains six sections. We devote section 1 to construct the proposed GTSP 

formulation. In section 2, we analyze the structural characteristics of the GTSP problem and 

its solution including the associated pricing information. Two conventional transmission 

scheduling problem formulations are presented in section 3 as special cases of the proposed 

GTSP. In section 4, we study the nature of the schedule generated by the GTSP and also 

provide a side-by-side comparison with that of the conventional formulation. We demonstrate 

in section 5 the appropriateness and effectiveness of the GTSP on a wide range of test 

systems including the IEEE 7-bus, 14-bus, 57-bus and 118-bus networks. We summarize the 

results of this chapter in section 6. 

Our focus is on the transmission services for a specified hour h. We make use of the 

transmission congestion model discussed in Chapter 2. Also, we neglect all the contingency 

cases and focus on the base case conditions so that the contingency index set is singleton 

{ }0=C . However, conceptually, we can generalize the proposed formulation to include 

the consideration of a general set of specified contingencies. Also, the extension of the 

approach to lossy networks with full AC representation and the modeling of additional 

constraints is, in principle, possible but may entail computational complications.  
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4.1 Construction of the generalized transmission scheduling 

problem (GTSP) formulation 

Without loss of generality, we assume that, at each network node n, 0,1, ,n N= , 

there is a single pool seller and a single pool buyer 8 . Under this assumption, 

1s bN N N= = + . We represent each bilateral transaction wω  with the receipt point 

(from node) wm , the delivery point (to node) wn  and the desired transaction amount wt  

MW by the ordered triplet { }, ,w w w wm n tω . The set { }1 2, , , Wω ω ωW  denotes 

all the desired bilateral transactions in hour h. We define 1 2, , ,
TWt t t⎡ ⎤⎣ ⎦t  to be the 

vector of desired transmission amounts. Each bilateral transaction wω  submits a 

transmission service request to the IGO for its desired transaction to obtain the required 

transmission services. 

In formulating the scheduling of transmission services for both the pool players and the 

bilateral transactions, we explicitly represent the economic value to the bilateral transactions 

of the transmission services requested. Recall that in the transmission unconstrained market 

model discussed in Chapter 2, the objective is to maximize the social welfare of the pool  

( )
0

( ) ( )
N

s b b b s s
n n n n

n
p pβ β

=

⎡ ⎤= −⎣ ⎦∑p , pS  . (4.1)

Since, in this market, the bilateral transactions are not included, there is no statement of their 

impacts on the decision. However, in addressing the scheduling of transmission services to 

both the pool players and the bilateral transactions, we need to modify both the objective 

                                                 
8 The use of multiple offers and multiple bids at a single node is treated as follows. The offers of multiple 
sellers at a node may be combined into a composite offer function submitted by a single seller; similarly, the 
bids of multiple buyers at a node may be combined into a composite bid function submitted by a single buyer. 
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function and to formulate the appropriate constraints. Thus, we need to formulate a term 

which expresses the contribution of the bilateral transactions to the social welfare. We 

consider the bilateral transaction { }, ,w w w wm n tω  with the seller at node wm  and the 

buyer at node wn . We denote by ( )wtC  the seller’s production costs as a function of the 

actually transmitted MW amount wt  of the transaction, 0 w wt t≤ ≤ . We assume ( )⋅C  to 

be nonnegative, differentiable and convex. Similarly, we use ( )wtB  to represent the 

buyer’s consumption benefits and assume ( )⋅B  to be nonnegative, differentiable and 

concave. We assume ( ) ( )w wt t≥B C . The transmission services provided to deliver wt  

MW for the transaction wω  then contribute an amount ( ) ( )w wt t−B C , the difference 

between the consumption benefits and the production costs of the transaction, to the social 

welfare. However, since the actual costs and benefits information is confidential and known 

only to parties of the bilateral transaction, this difference cannot be readily computed. Rather, 

we assume that the bilateral transaction wω  provides a function 

( ) [ ]: 0, 0,w wtα ⎡ ⎤⋅ → ∞⎣ ⎦  together with its transmission service request to indicate the 

maximum congestion charges it is willing to bear for receiving the requested transmission 

services9 as a function of the transaction amount wt  delivered. We assume ( )wα ⋅  to be 

nonnegative, concave and differentiable. A special case is the specification of a fixed per MW 

price wα , i.e.,  

( )w w w wt tα α=   ,  0,w wt t⎡ ⎤∈ ⎣ ⎦  . (4.2) 

so that wα  acts as a price cap on transmission price for transaction wω . In particular, when 
                                                 
9 In practice, each bilateral transaction must pay an annual access fee for the connection to the network. In 
addition, the bilateral transaction pays transmission usage fees consisting of the congestion charges and a 
contribution to the recovery of losses in the network. Our focus in this report is purely on the congestion 
charges. 
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the customer has an unlimited willingness to pay, then wα  is a very large number α  and  

( )w w wt tα α=  . (4.3) 

Economists treat the bilateral transactions’ willingness to pay for the congestion charges 

as a proxy for the bilateral transaction’s contribution to the social welfare [13, p. 560]. In fact, 

we prove the following  

Theorem 4.1: If the LMP difference between the node pair wn  and wm  is 

independent of the willingness to pay of the transaction wω  as expressed by ( )w wtα , 

then, a rational decision maker responsible for requesting transmission service for the 

transaction wω  maximizes its net profits by setting 

( ) ( ) ( )w w w wt t tα = −B C   ,  0,w wt t⎡ ⎤∀ ∈ ⎣ ⎦  . (4.4) 

 

The proof of Theorem 4.1 is presented in Appendix B. The conditions in this theorem, 

typically, hold when the market is competitive or the desired transaction amount wt  is 

small compared to the total system loads. The importance of Theorem 4.1 allows us to 

modify the definition of the social welfare to include explicitly the contributions of the 

bilateral transactions.  

Definition 4.1: The social welfare S  is a measure of the net benefits of both the 

delivered bilateral transaction and the sales and purchases in the pool market 

( ) ( ) ( ) ( )
0 1

, ,
N W

s b b b s s w w
n n n n

n w
p p tβ β α

= =

⎡ ⎤− +⎣ ⎦∑ ∑p p tS . (4.5)
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Next, we consider the formulation of the constraints in the provision of transmission 

services by the IGO. We first include in the nodal power flow balance equations the impacts 

of the bilateral transactions. These impacts of all the bilateral transactions in the set W  are 

represented by 

1 1
, 0 ,1, ,

w w

W W
w w

n
w w
m n n n

t t n Np
∋ ∋

= =
= =

− =∑ ∑W  . (4.6)

We define the N-dimensional vector Wp  by 

1 2, , ,
T

Np p p⎡ ⎤⎣ ⎦
W W W Wp  , (4.7)

and rewrite the DC power flow equations in (3.31) as 

0 0 0 0
s b T

s b

p p p θ

θ

⎧ − + =⎪
⎨

− + =⎪⎩

W

W

b

p p p B   . 
(4.8)

To ensure the reliable system operations, the various transmission constraints must be 

considered. We adopt the Chapter 3 assumptions so that we consider only the base case and 

assume all the constraints are embodied in the real power line flow limits. In terms of the 

notation of Chapter 3, these constraints are stated as 

maxθ ≤bB A f  . (4.9)

Then, the decision-making process of the IGO for the non-discriminatory transmission 

service provision may then be modeled by the formulation 

( ) ( ) ( )( ) ( )0 0
0 1

0 0 0 0 0

, , , ,

. .

       

N W
s b s b b b s s w w

n n n n
n w

s b T

s b

max

max p p p p t

s t p p p

GTSP

β β α

θ µ

θ

θ

= =

⎧ = − +⎪
⎪
⎪ − + = ↔⎪
⎪ − + = ↔⎨
⎪
⎪ ≤ ↔
⎪
⎪ ≤ ≤ ↔
⎪
⎩

∑ ∑

0

S

b

p p t

b

p p p B

B A f

t t .

W

W µ

λ

η

  (4.10)
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We refer to the system (4.10) as the statement of the GTSP.   

4.2 Characterization of the GTSP and its solution 

The GTSP determines simultaneously the day-ahead market outcomes and the amount of 

transmission services provided by the IGO to each desired bilateral transaction wω ∈ W . 

Note that both the sales/purchases amounts of the pool players and the amounts of 

transmission services provided to the bilateral transactions are decision variables. Their 

values are determined so as to maximize the objective of the overall social welfare. Since the 

transmission constraints are explicitly represented in the GTSP, the transmission schedules 

determined by the solution of the GTSP provide the most efficient allocation of the limited 

transmission resource. In addition, the sensitivity information provided by the dual variables 

associated with the constraints may provide useful economical information. In the rest of this 

section, we interpret the optimal solution and the dual variables of the GTSP.    

We assume the optimal solution ( )* * *
0 0, , , ,s* b* s bp p p p t  of the GTSP exists. This 

solution determines the pool market outcomes and the transmission services provided to the 

bilateral transactions. For a pool seller at node n, the quantity of the energy sold to the IGO in 

hour h is specified by s*
np . Similarly, b*

np  is the purchase quantity for the pool buyer at 

node n. The amount of transmission services that the IGO allocates to the desired bilateral 

transaction { }, ,w w w wm n tω =  is given by *wt  and so the transaction undertaken is 

{ }*, ,w w w wm n tω = . Note that if *w wt t= , the entire desired amount of transaction wω  is 

undertaken; else, *w wt t<  and only a fraction of the desired transaction is consummated. 

The optimal value of the social welfare is denoted by 
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( )* * * * * *
0 0, , , ,s b s b

GTSP
p p p p tS S   (4.11) 

where the star and the vertical bar with the subscript are used to indicate that the social 

welfare is evaluates at the GTSP optimum. 

The optimal values *
nµ , 0, 1, ,n N= , of the dual variables associated with the nodal 

real power balance constraints determine the LMPs. The buyer at node n pays to the IGO the 

LMP *
nµ  for each MWh bought in the pool for the specific hour h and the seller at this node 

receives the credit from the IGO in the amount equal to the product of *
nµ  and s*

np . 

Without congestion in the network, the LMPs at all the network nodes are equal to the value 

of the uniform market clearing price *µ  obtained using the transmission unconstrained 

model in the TUP. When congestion occurs, however, the LMPs at each node may become 

different so as to represent the different costs to supply the additional unit of energy to these 

nodes for hour h. Consequently, the nonzero LMP difference is an indication of the presence 

of transmission congestion. The LMP differences also yield nonnegative revenue for the IGO 

from the pool. The IGO collects the payments from the pool buyers and pays the pool sellers 

for the energy traded in the pool. Without the congestion, the payments received from all the 

buyers equal the credits to all the sellers [5]. When congestion occurs, however, the buyers’ 

total payments exceed the payments to the sellers. The IGO collects these revenues, which 

are given by 

( )
0

N
* b* s*
n n n

n
p pµ

=

−∑K  . (4.12)

We refer to K  as the merchandising surplus [15], [26].   

The optimal value *λ  of the dual variable associated with the real power flow limit of 

line  measures the sensitivity of the social welfare with respect to the limiting capacity 
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maxf  of the line. Note that * 0λ ≥  for ∀ ∈ L . Moreover, * 0λ >  implies that line  

constraint is binding and so that the line is congested. Consequently, *λ  is considered to be 

the per MW flow congestion charges for the usage of line . We denote by ⊂L L  the 

subset of congested lines, then the total amount of congestion charges assessed from each 

transaction { }*, ,w w w wm n tω =  is 

* *w w wtξ λ ϕ
∈

= ∑
L

 . (4.13)

The optimality conditions for the GTSP in (4.10) lead to the relationship 

* * *
w w

w
n m

µ µ λ ϕ
∈

− = ∑
L

 . (4.14)

Proof : The Lagrangian of the GTSP in (4.10) is 

( )

( ) ( ) ( )

( ) ( )

( ) ( )

0 0 0

0 1

0 0 0 0 0

, , , , , , , , ,s b s b

N W
b b s s w w
n n n n

n w

s b T s b

max
d

p p

p p t

p p pΤ

Τ Τ Τ

µ

β β α

µ

+ −

= =

+ −

=

⎡ ⎤− + −⎣ ⎦

− + − − − + − −

− − − +

∑ ∑

L p p t

B p p p b

B A f t t t

W W

µ λ η η

µ θ θ

λ θ η η  . 

(4.15)

At the optimum ( )* * * * * * * * * *
0 0 0, , , , , , , , ,s b s bp p µ + −p p t µ λ η η , the necessary conditions of 

optimality imply that 

0 0
* * T *µ

θ
∂

= − − − =
∂

0dB b A BL Τ µ λ  . (4.16)

Recall from (3.4) that the relationship 

0
N + =1 0B b   (4.17)

holds. Also, the definition of the ISF matrix from (3.24) is 

1
d

−= B A BΨ  . (4.18)

Since dB  is a diagonal matrix, ( )T T T
d= =B A B A B . Then, substituting (4.17) and 
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(4.18) into (4.16) yields 

( ) ( )1 1

0 0 0
* * T * * N *

d
Τµ µ

− −
= − − = −1B b B A BΤ Τµ λ Ψ λ  ,  (4.19)

or, 

0 , 1, 2, ,* * *
n n n Nµ µ ψ λ

∈

= − =∑
L

 .  (4.20)

Then, for the transaction { }*, ,w w w wm n tω = , the application of the result in (4.20) for 

wn n=  and wn m=  obtains 

( )* * * *
w w w w

w
n m m n

µ µ ψ ψ λ ϕ λ
∈ ∈

− = − =∑ ∑
L L

 , (4.21)

where, in the last quality, we used the fact that *λ  vanishes for ∈ L  unless ∈ L  . 

  

It follows that the total congestion charges assessed from wω  are 

( )* * *
w w

w w
n m

tξ µ µ= −  . (4.22)

Thus, wξ  is the product of its quantity and the LMP difference between its delivery and its 

receipt nodes. These congestion charges, together with the merchandising surplus K  of the 

pool, are referred to as the congestion rents in the literature [5], [49]. Note that a congestion 

free system corresponds to ∅L =  and 

0* *
n mµ µ− =  ,   ,m n∀ ∈ N  . (4.23)

Absent congestion, all LMPs are equal and there are no congestion rents. On the other hand, 

differences in the LMPs signal the presence of congestion in the system. In fact, * *
m nµ µ<  

implies that the available transfer capability (ATC) [40], [42] from node m to node n is zero. 

,m nATC  represents the maximum additional MW that can be transferred from node m to node 

n without violating the constraints for the pre- and the post-contingency conditions associated 

with the list of specified contingencies [40]. For a feasible operating point, ,m nATC  is 
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non-negative by definition. An important outcome of the GTSP solution is  

Lemma 4.1: For a pair of arbitrary nodes ,m n ∈ N , if n mµ µ∗ ∗> , then  

, 0m nATC =  .  

 

Proof: By definition, ,m nATC  is the maximum amount of additional power that can be 

transferred from node m to node n without violating any of the network constraints. 

Mathematically, 

( ){ }(0)
, : ,max

m n m nATC max t f t fψ ψ= ∆ + − ∆ = ∀ ∈ L   (4.24)

where (0)f  is the real power flow in line  in the reference system and the term 

( )m n tψ ψ− ∆  expresses the additional real power flow on line  due to the additional 

transaction { }, ,m n t∆ . Recall the relationship given by (4.21) that 

( )* * *
n m m nµ µ ψ ψ λ

∈

− = −∑
L

 . (4.25)

Then using the Kuhn-Tucker conditions [86, p. 314] of the GTSP, we have that 

* 0λ ≥ ,  ∀ ∈ L  . (4.26)

Therefore, if n mµ µ∗ ∗> , then, there exists at least one line ∈ L  such that  

* 0λ >   (4.27)

and  

0m nψ ψ− >  . (4.28)

The complementary slackness conditions [86, p. 314] of the GTSP, together with equation 

(4.27), imply that  

(0) maxf f=  . (4.29)

Consequently, 
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( ){ }(0)
,

(0)

: ,

0

max
m n m n

max

m n

ATC max t f t f

f f

ψ ψ

ψ ψ

= ∆ + − ∆ = ∀ ∈

−
≤

−

=

L

. (4.30)

But, by definition, , 0m nATC ≥  and so the only value of ,m nATC  is 

, 0m nATC =  . (4.31)

   

We note that the LMP difference n mµ µ∗ ∗−  indicates the sensitivity of the social 

welfare with respect to the ,m nATC . Thus, a 1 MW increase in the ATC from node m to node 

n increases the optimal social welfare *

GTSP
S  by ( )n mµ µ∗ ∗− .   

The rationale for the congestion charges comes from the evaluation of the congestion 

impacts on social welfare. Consider an ideal case where the transmission network has 

unlimited transfer capability so that all the desired pool and bilateral transactions can be 

simultaneously accommodated. Such a condition may be represented by assigning a large 

value to the line flow limit maxf  of each line  or, equivalently, removing the inequality 

constraints corresponding to the line flow limits in (4.10). We define *

u
S  to be the 

maximum social welfare corresponding to the solution of the relaxed (transmission- 

unconstrained) problem with the subscript u denoting the transmission unconstrained 

condition. Then,   

( )* *

1

W
w w

u TUP
w

tα
=

= + ∑S S  ,  (4.32)

where *

TUP
S  is the optimal value of the TUP given in (2.3). Here, *

u
S  is evaluated at 

the maximum limit of each transaction and provides an upper bound to *

GTSP
S  since  
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 ( ) ( )* * * * *

1 1

W W
w w w w

GTSP TUP TUP u
w w

t tα α
= =

≤ + ≤ + =∑ ∑S S S S  .  (4.33)

We interpret this result to indicate that the transfer capability limitation of the 

transmission network may lead to a reduction in the social welfare [5]. Such a decrease may 

be considered as the costs of congestion. We measure the system congestion costs with the 

metric 
GTSP

E  defined to be the decrease in the social welfare due to the presence of the 

transmission constraints  

* *
GTSP u GTSP

−E S S  . (4.34)

GTSP
E  is also referred to as the market efficiency loss [5], [13, p. 304]. Clearly, the 

congestion costs are a function of the available transfer capabilities of the network. Note that 

the sensitivity of *

GTSP
S  with respect to 

,w wm n
ATC  is w w

* *
n m

µ µ−  while *

u
S  is 

independent of 
,w wm n

ATC  since there are no transmission constraints. It follows that  

( ) ( )
,

w w

w w

GTSP * *
n m

m n

d

d ATC
µ µ= − −

E
 .  (4.35)

Equation (4.35) implies that a 1 MW increase in the ATC from node wm  to node wn  

decreases the congestion costs by ( )w w
* *
n m

µ µ− . Note that each MW of transmission service 

provided to a transaction wω  requires a MW of 
,w wm n

ATC  so that the marginal costs of the 

transmission services provided to the bilateral transaction wω  are ( )w w
* *
n m

µ µ− . This, 

then, provides the economic rationale for the congestion charges. 

The function ( )wα ⋅  specifies the willingness to pay of the bilateral transaction wω  for 

the congestion charges assessed by the IGO for providing the requested transmission 

services. The GTSP solution implies the following  

Theorem 4.2: The GTSP solution ensures that the congestion charges assessed from 
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each bilateral transaction wω  do not exceed its willingness to pay, i.e., 

( ) ( )* * * * , 1, 2, ,w w
w w w w

n m
t t w Wξ µ µ α= − ≤ = . (4.36)

 

Proof: Consider the GTSP and its Lagrangian ( )⋅L  given in (4.15). The necessary 

conditions of optimality [86, pp. 314-316] yield that, at the optimum ( * * * * *
0 0, , , , ,s b s bp p p p t  

)* * * * *
0 , , , ,µ + −µ λ η η  , 

( )* * * * * 0w w

w
w w w

w w m n
t

t t
α µ µ η η+ −

∂ ∂
= + − − + =

∂ ∂
L ,  1, 2, ,w W=  (4.37)

and  

( )* *

*

* *

*

0

0

0

0

w w w

w

w w

w

t t

t

η

η

η

η

+

+

−

−

⎧ − =
⎪
⎪ ≥⎪
⎨
⎪ =
⎪
⎪ ≥⎩

     ,   1, 2, ,w W=  . (4.38)

It follows from (4.37) that 

( )* * * * *
w w

w
w w w

wn m
t

t
αµ µ η η+ −

∂
− = − +

∂
 . (4.39)

Now (4.38) implies the following relationship between the LMP difference and *wt : 

( )

( )

( )

* *

* * * *

*

0

.

w w

w
w w

w

w
w w w

wn m

w
w

w

t if t
t

t if t t
t

t otherwise
t

α

αµ µ

α

⎧ ∂
≥ =⎪ ∂⎪

∂⎪− ≤ =⎨ ∂⎪
∂⎪ =⎪ ∂⎩

 (4.40)

Since ( )wα ⋅  is concave as stated in Section 4.1, it follows that 

( ) ( ) ( )* * * * * *
w w

w
w w w w w

wn m
t t t t

t
αµ µ α∂

− ≤ ≤
∂

, * 0,w wt t⎡ ⎤∀ ∈ ⎣ ⎦  . (4.41)
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An interesting characteristic of the GTSP solution is the nature of the *wt , 

1, 2, ,w W= .  The complementary slackness conditions imply that the GTSP solution 

satisfies the following set of conditions : 

( )

( )

* * * *

* * * *

whenever , then 0

and

whenever , then .

w w

w w

w
w w

wn m

w
w w w

wn m

t t
t

t t t
t

αµ µ

αµ µ

⎧ ∂
− > =⎪ ∂⎪⎪

⎨
⎪ ∂⎪ − < =

∂⎪⎩

   

For a transaction wω  that specifies its willingness-to-pay function by a cap price wα  as in 

(4.2) , then  

 ( )*
w

w w
w t

t
α α∂

≡
∂

 . (4.42)

As long as * *
w w

w
n m

α µ µ< − , no transmission service is provided to the transaction while the 

transaction will be delivered at the full desired level wt  if * *
w w

w
n m

α µ µ> − . Such a 

“nothing-or-all” result characterizes the discrete nature of the transmission service provision 

in case such a cap is specified. In the special case of wα α=  for the case in (4.3) with α  

sufficiently large, the result ensures that transmission service is provided at the full desired 

level. However, when * *
w wn m

α µ µ= − , the transaction’s willingness to pay is exactly equal 

to the LMP difference, and then *wt  may take on any value in 0, wt⎡ ⎤⎣ ⎦  and so the solution 

becomes a continuum of values in the desired interval. 

The comparability requirement in the FERC order No. 888 [1] needs both the pool 

customers and the bilateral customers to pay congestion charges since the 

injections/withdrawals of the two classes of customers impact the total congestion costs. In 

fact, the congestion charges for the pool customers are implicitly included in the LMPs [21], 

[85]. Note that, absent the line flow limit constraints, LMPs at all the N+1 nodes are equal in 
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a lossless system and equal to the uniform system-wide market-clearing price *µ  

determined in the TUP formulation given by (2.2). Since only the supply-demand balance 

constraint is considered in the TUP, we consider *µ  to be the marginal price of energy in 

the transmission-unconstrained system. In reality, however, the presence of the transmission 

capability constraints results in the nodal LMPs *
nµ  that may be different from *µ . The 

difference **
nµ µ−  represents the change in the total congestion costs 

GTSP
E  to serve an 

additional unit of load at node n. For this reason, **
nµ µ−  is considered to be the implicit 

congestion charges [85] assessed from the pool buyer at node n for each MWh withdrawal. 

Analogously, the pool seller at node n is considered to receive a payment of **
nµ µ−  for 

each MW of injection at this node for the implicit congestion charges. The LMP *
nµ  is, in 

fact, the sum of the marginal price of energy *µ  and the implicit congestion charges 

**
nµ µ−  since  

( )* ** *
n nµ µ µ µ= + −  .  (4.43)

Therefore, the pool players incur the congestion charges implicitly by paying/getting paid the 

LMP at the particular node. The total amount of such implicit congestion charges paid by the 

pool customers may be expressed as 

 ( )( ) ( )*

0 0

N N
pool * b* s* * b* s*

n n n n n n
n n

p p p pξ µ µ µ
= =

= − − = −∑ ∑  , (4.44)

where,  

 ( ) ( )* *

0 0
0

N N
b* s* b* s*
n n n n

n n
p p p pµ µ

= =

− = − =∑ ∑  ,  (4.45)

since the supply-demand balance in a lossless system holds. Note that the right hand side of 

(4.44) equals the merchandising surplus K  of the pool [26]. Therefore, we view the 



 

 60

merchandising surplus K  as the congestion charges the IGO collects from the pool sellers 

and buyers. The term congestion rents [5], [49] is therefore more general than merchandising 

surplus since congestion rents include merchandising surplus. 

Definition 4.2: The congestion rents totalξ  are the sum of the implicit congestion 

charges assessed from the pool customers and the explicit congestion charges paid by 

the bilateral transactions :  

( ) ( )* * *

0 1
w w

N W
total * b* s* w

n n n n m
n w

p p tξ µ µ µ
= =

= − + −∑ ∑   (4.46)

 

Note that only in the case of a pure pool market, 

totalξ = K  .  

4.3 Special cases of the GTSP 

In this section, we consider two important special cases of the GTSP. The first case is a 

pure pool system with no bilateral transactions. In this case, ∅W =  and so the total social 

welfare S  equals the pool social welfare S . The GTSP for the pool system reduces to 

the following problem  

( ) ( ) ( )( )0 0
0

0 0 0 0

, , ,

. .

       

N
s b s b b b s s

n n n n
n

s b T

s b

max

max p p p p

s t p pTCP

β β

θ µ

θ

θ

=

⎧
= −⎪

⎪
⎪⎪ − = ↔
⎨
⎪ − = ↔⎪
⎪

≤ ↔⎪⎩

∑

b

p p

b

p p B

B A f

µ

λ

S

 . (4.47)

We refer to the scheduling problem in (4.47) as the transmission constrained problem (TCP). 
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The TCP formulation is, typically, used in the literature to describe the determination of 

market outcomes in a pool-only market model with the transmission constraints taken into 

account [11], [12], [16]-[19]. This formulation is inapplicable to systems that contain both the 

pool players and the bilateral transactions since the impacts of the bilateral transactions are 

not represented.  

 A second important case includes the consideration of bilateral transactions. In this 

formulation, the transactions receive higher priority in the provision of transmission services 

than the pool players. The implicit underlying assumption is that each bilateral transaction 

has an unlimited willingness to pay for congestion. In this case, the bilateral transmission 

service requests are satisfied before any service is provided to the pool players. The 

scheduling task consists of first evaluating the decrease in the transfer capabilities of the 

network due to the transmission services provided to the bilateral transactions and then to 

optimize the scheduling for the pool sellers and buyers. The impacts of the real power flow 

on the network due to the bilateral transactions are evaluated using the PTDFs to compute the 

real power line flows due to the set of bilateral transactions { }1 2, , , Wω ω ωW . The 

cumulative impact of the W bilateral transactions in W  on the real power flow on line  is 

given by  

1
, 1 , 2 , ,

W
w w

w =
f t Lϕ= =∑W  . (4.48)

The flows introduced by the bilateral transactions make use of the transfer capabilities in the 

transmission network. These flows change, in effect, the limit values of the network lines. We 

denote by rf  the modified value of the line  capacity limit, where  
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1
, 1,2,...,

W
r max max w w

w=
f f f f t Lϕ− = − =∑W  . (4.49)

Essentially, rf  indicates the amount of additional MW that can flow on line . We 

construct the modified limit vector  

1 2, , ,
Tr r r r

Lf f f⎡ ⎤= ⎣ ⎦f . (4.50)

The provision of transmission services to the bilateral transactions can only be done to the 

extent that no constraint violations occur. If there are violations, then some curtailment of the 

transactions becomes necessary. Such curtailment is performed before any of the pool offers 

and bids are considered. A typical scheme is to minimize the total curtailment as measured in 

terms of the sum of the curtailments introduced to ensure no violations of the physical 

network limits occur [12]. We may assume, without any loss of generality, that each resulting 

rf  is non-negative for each line 1, 2, , L=  .  

The assumption of unlimited willingness to pay of the bilateral transactions, in effect, 

removes the transaction amount variable t  from the set of decision variables. Thus, the 

optimization of the social welfare that is maximized is simply that of the pool. The following 

is a statement of the scheduling problem solved by the IGO :  

TSP  

( ) ( ) ( )( )0 0
0

0 0 0 0

, , ,

. .

N
s b s b b b s s

n n n n
n

s b T

s b

r

max p p p p

s t p p

β β

θ µ

θ

θ

=

⎧ = −⎪
⎪
⎪⎪ − = ↔⎨
⎪ − = ↔⎪
⎪

≤ ↔⎪⎩

∑

b

p p

b

p p B

B A f

µ

λ

S

 (4.51)

We refer to this formulation as the transmission scheduling problem or TSP. Once the pool 

outcomes are determined, the IGO uses the dual prices ( )* *
0 ,µ µ  to compute the congestion 

charges for each bilateral transaction. The congestion charges for transaction wω  are simply 
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the product of the transaction amount wt  and the LMP difference between the withdrawal 

and injection node pair of wω . We denote by *

TSP
S  the maximum pool social welfare 

associated with the optimal solution of the TSP 

( )* * *
0 0, , ,s* b* s b

TSP TSP TSP TSP TSP
p p= p pS S  .  (4.52)

This TSP formulation is workable as long as the total load served by bilateral transactions is 

much smaller than the load served in the pool market.  

In practical situations, however, this condition may not hold [18] and, consequently, the 

applicability of the conventional TSP formulation becomes questionable. Three key concerns 

arise and are of particular interest: 

• the violation of the nondiscriminatory transmission service provision due to the 

sequential decision-making process results in a lower priority to the pool players than 

the bilateral transactions;  

• the appropriateness of the LMPs and the resulting congestion charges given that they 

are determined without the explicit representation of the bilateral transactions and 

under the assumption that the bilateral transactions have unlimited willingness to pay 

for the congestion charges; and, 

• the appropriateness of curtailing the bilateral transactions under congestion before 

the pool players are considered since such a scheme may be unable to attain the 

overall optimal usage of the limited transmission capabilities.   

These concerns do not, however, arise in the proposed GTSP. First of all, in the GTSP, the 

transmission services for the bilateral transactions become explicit decision variables. Their 

values are determined simultaneously with the pool player market outcomes. As such, the 
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bilateral transactions are not passive price takers but active market participants competing on 

the same footing with the pool players for the IGO’s limited transmission resources. It is 

important to note that the incorporation of each bilateral transaction’s willingness-to-pay 

function allows the IGO to ensure that the transmission services are provided to the bilateral 

transactions and the pool participants in a nondiscriminatory manner. In this way, the 

optimization in the GTSP formulation allocates the limited transmission services to customers 

– be they pool players or transactions – who value them most.  

Moreover, the GTSP solution may lead to larger social welfare than the TSP result. Note 

that, since the contributions of the bilateral transactions are not explicitly represented in 

*

TSP
S , it is not very meaningful to compare *

GTSP
S  and *

TSP
S  directly. Rather, we 

assume that all the bilateral transactions obtain the desired amount of transmission services in 

the TSP scheme and consider their contributions ( )
1

W
w w

w
tα

=
∑  to the social welfare together 

with *

TSP
S  so that we can compare the GTSP and TSP solutions’ social welfares on a 

common basis. The optimality of the GTSP solution ensures that 

( )
( )

( ) ( ) ( )

( )

* * * * * *
0 0

* * * *
0 0

* *

0 1

*

1
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∑ ∑

∑

p p t

p p t

S S

S

S   . (4.53) 
 

The interpretation of the inequality in (4.53) is that, under congestion, those bilateral 

transactions that make small contributions to the social welfare may be curtailed in order to 

provide the transmission to the pool players whose contributions to the social welfare are 
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higher. When there is no congestion, however, the GTSP and TSP solutions are equal and so 

the equality in (4.53) holds. Therefore, the social welfare attained by all the transmission 

customers under the GTSP solution is larger than or equal to that of the TSP solution. Such a 

comparison may also be performed for the congestion costs or the market efficiency loss. We 

define the market efficiency loss 
TSP

E  associated with the TSP solution using the same 

measure as that used in the definition of 
GTSP

E . Then,  

 ( )* *

1

W
w w

TSP u TSP
w

tα
=

⎡ ⎤
− +⎢ ⎥

⎣ ⎦
∑E S S   . (4.54)

From (4.53), it follows that  

 
GTSP TSP

≤E E  . (4.55)

That is, in the presence of congestion, the GTSP solution results in lower market efficiency 

loss. Therefore, the GTSP solution reflects the more efficient use of the constrained 

transmission resources than that given by the conventional TSP. The ability to appropriately 

capture this important measure constitutes a key advantage of the GTSP. 

Furthermore, the GTSP determination of the LMPs, the values of the dual variables of the 

nodal balance equations, is made with the explicit presence of the bilateral transactions. The 

ability to represent the willingness to pay of each bilateral transaction with that of each pool 

buyer provides a realistic basis for the computation of these key economic signals. On the 

other hand, in the TSP, the only representation of the transactions is through their impacts on 

the real power line flow limits. This aspect of the GTSP leads to more realistic values for the 

LMPs and, consequently, produces more realistic economic signals for congestion 

management and electricity forward markets whose settlements depend – either explicitly or 

implicitly – on the LMPs. A side-by-side comparison between the GTSP and TSP formulation 
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and solutions is given in Table 4.1. This side-by-side comparison demonstrates that the 

deployment of the proposed GTSP removes the three concerns discussed above.  

Table 4.1: TSP and GTSP comparison 

formulation 
objective 
function 

transmission service 
provision the LMPs 

market 
efficiency loss 

TSP 
pool social 

welfare S  
determined sequentially 

obtained from 

simplified model 

approximate 

upper bound 

GTSP 
social 

welfare S  

nondiscriminatory; 

determined simultaneously 
more realistic useful measure

We next use a simple example to illustrate the improvement provided by the GTSP 

solution over the TSP solution. We consider the simple three-bus network depicted in Figure 

4.1 to be lossless and to have the same line impedance in each line. There are two pool sellers 

1S  and 2S  at buses 1 and 2, respectively, and a single pool buyer 3B  at bus 3. The offers 

and bid of these pool players are as summarized in Figure 4.2. There are also two desired 

bilateral transactions with the associated willingness-to-pay functions:  

{ }1 1, 3,150 MWω =  with ( )1 115t tα =   ; 

{ }2 2, 3,120 MWω =  with ( )2 212t tα =  . 

 

Figure 4.1: The three-bus system example. 

A comparison of the pool market outcomes and the transmission services provision as 

determined by the GTSP and the conventional TSP are shown in Table 4.2. In the TSP 

1 2

3

~1S ~ 2S

3B

180 MW 

340 MW 380 MW

j 0.1

j 0.1 j 0.1



 

 67

results, the two bilateral transactions obtain the desired transmission services. The remaining 

 

Figure 4.2: The marginal offers and the marginal bid for the pool market of the three-bus system of Figure 4.1. 

transfer capabilities in the network are used for the implied transactions in the pool between 

the sellers 1S  and 2S  and the single buyer 3B . In the GTSP solution, on the other hand, 

the bilateral transactions may get all or part of the requested transmission services depending 

on their willingness to pay. In this example, 2ω  obtains the desired transmission services 

since its willingness-to-pay exceeds the LMP difference between node 3 and node 2. On the 

other hand, 1ω  is curtailed since its 15 $/MWh willingness-to-pay is lower than the 20 

$/MWh LMP difference between the nodes 3 and 1. This curtailment allows more 

sales/purchase transactions in the pool market, which, in turn, yield higher social welfare and 

lower market efficiency loss. This example demonstrates the quantifiable improvement the 

GTSP solution brings over that of the TSP. Such improvements are also demonstrated by the 

simulation results using larger test systems, which we discuss in the next section. 

Table 4.2: TSP and GTSP solution comparison 

formulation 1*t  2*t  *
1
sp  *

2
sp  *

3
bp  *

1µ  *
2µ  *

3µ  *S  E  

TSP 150 120 150 300 450 30 40 60 14,190 5,050

GTSP 0 120 360 180 540 30 40 50 15,840 3,400

4.4 Simulation results 

To measure the improvement of the GTSP solution over that of the TSP solution, we 

( )3 3

3

b b

b

p
p

β∂

∂
( )1 1

1

s s

s

p
p

β∂

∂

1
sp480

30

2
sp300

40

3
bp650

60

( )2 2

2

s s

s

p
p

β∂

∂

540
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performed an extensive set of simulations on various test systems, including the IEEE 7-bus, 

14-bus, 57-bus and 118-bus networks [5]. The data for these test systems are provided in 

Appendix C. For each system, we compare the GTSP and TSP solutions as the volume of the 

bilateral transactions is varied. We perform this comparison by considering all the relevant 

metrics from the individual player and the system points of view. These metrics include the 

pool market outcomes, the transmission services provided to the bilateral transactions, the 

resulting social welfare and the LMPs. We discuss some representative results from the many 

studies undertaken. The comparison is measured in terms of the absolute relative deviation of 

the TSP result from that of the GTSP normalized with respect to the GTSP result. For a metric 

q of interest, we use the error measure 

 q TSP GTSP

GTSP

q q
q

ε −   . (3.56)

We first compare the GTSP and TSP solutions for a specified amount of bilateral 

transactions. We display the results for the IEEE 14-bus system in Figures 4.3 – 4.5. Such 

results are representative for all the systems tested.  

The stark contrast of the TSP and GTSP solutions is seen in the plots of the transaction 

amounts for which transmission services are provided under the two formulations in Figure 

4.3. The ability to explicitly have interaction between the willingness to pay and the amount 

of transmission services provided is clearly illustrated for transactions 1 and 5 which are 

entirely curtailed in the GTSP solution. On the other hand, these transactions do receive all 

the requested transmission services under the TSP solution. The curtailments in the GTSP 

solution reflect the low willingness to pay of the two transactions. This, in turn, results in 

much smaller contributions to the social welfare by the curtailed transactions than those of 
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the pool players. 
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Figure 4.3:  Amounts of delivered transactions under the GTSP and TSP for the IEEE 14-bus system 

The sellers’ sales amounts determined in the two transmission scheduling problems and 

their corresponding surpluses [5], [13, p. 247] are shown in Figure 4.4. The two solutions 

also lead to large differences in the social welfare and the efficiency loss. The two optimal 

solutions are * 32,073
GTSP

$=S  and * 20,325
TSP

$=S . The corresponding efficiency 

losses are 13,903
GTSP

$=E  and 25,651
TSP

$=E . We emphasize with these metrics the 

improved market efficiency provided by the GTSP solution. 
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Figure 4.4:  Sellers’ outcomes and corresponding surpluses under TSP and GTSP for the IEEE 14-bus system 

A direct comparison of the TSP LMPs and the GTSP LMPs for the IEEE 14-bus system 

is given in Figure 4.5. While the 
*
nµε  at the network buses n ∈ N  ranges in magnitude 

*w
GTSPt *w w

TSPt t=

*
( )

w
MWt

1 2 3 4 5
transaction

1S 2S 3S

* ( )s
np MW

1S 2S 3S

surplus ( )$
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from 0.09 to 1.03, the resulting deviations impact the market-based settlements for the 

sales/purchases and also have major repercussions in the congestion rents totalξ  for the 

congested network. In the GTSP solution, the congestion rents are $ 20,799 versus a value of 

$ 52,046 given by the TSP solution. Such a large deviation underlies the importance of using 

the more realistic LMPs produced by the proposed GTSP solutions. Large deviations of this 

order were also observed in the other systems tested. 
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Figure 4.5:  Comparison of the LMPs computed from GTSP and TSP for the IEEE 14-bus system 

We next illustrate some typical results of the impacts of varying the volume of the 

bilateral transactions. We introduce a scaling factor ζ  with which we parametrize the 

volume of the bilateral transactions. In particular, we multiply the desired transaction 

amounts wt  of every { }, ,w w w wm n tω = , 1, 2, ,w W=  by ζ  while we keep the 

pool players’ bids and offers unchanged. We vary the value of the scaling factor ζ  so that 

the percentage of the load served by the bilateral transactions increases from 0% to a value at 

which the TSP no longer has a solution. For each value of ζ , we compare the TSP and the 

GTSP solutions and their respective dual variables. Representative plots of the relative 

deviations obtained from various test systems are presented in Figures 4.5 – 4.8.  

node n

*
nµ
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For each of the variables selected, we note the monotonic behavior of the measured 

deviations. For example, the plots in Figure 4.6 illustrate the nondecreasing nature of the 

differences between the amounts sold by each pool seller in the IEEE 7-bus test system as the 

scaling factor ζ  increases. The 100% relative error corresponds to the outcome that the 

seller 1S  ceases to sell in the pool under the TSP since all the limited transmission services 

are provided to the bilateral transactions. In contrast, under the GTSP, 1S  is still able to sell 

since some transactions are curtailed due to their lower willingness to pay characteristics. We 

conclude from such studies that the GTSP solutions are more realistic due to the more 

appropriate representation of the bilateral transactions. 
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Figure 4.6:  The relative error of the pool sellers’ sales amounts as a function of the bilateral transaction 

volume in the IEEE 7-bus system 

The monotonic nondecreasing behavior of the errors is particularly marked for the LMP 

results. For example, Figure 4.7 shows the monotonic behavior in the 
*
nµε  as a function of 

the scaling factor ζ  for the IEEE 57-bus network. Clearly, for a small value of the scaling 

factor, the GTSP and TSP solutions are very close. As the volume of the bilateral transactions 

reaches  68% of the total load, the TSP problem becomes infeasible while the GTSP solution  

*spε

1seller S
4seller S 3seller S

2seller S
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Figure 4.7:  The relative LMP error as a function of bilateral transaction volume for the IEEE 57-bus system 

continues to exist. Thus, the GTSP provides the additional advantage of having the ability to 

determine schedules even in cases where the TSP is no longer solvable. The plot of the 

relative error of the social welfare in Figure 4.8 for the IEEE 118-bus network indicates its 

monotonic behavior as a function of the scaling factor ζ . In addition, note that the slope of 

the curve, i.e., the rate of change or the sensitivity of the relative error increases with the 

scaling factor. 
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Figure 4.8:  The relative error on *S  as a function of bilateral transaction volume for the IEEE 118-bus system 

Note that all the plots shown in this section are typical of those observed in various cases 

on the test systems used. These observations indicate the importance of the more realistic 
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representation of the bilateral transactions in the GTSP formulation and its impacts on the 

outcomes of the pool markets and the transmission scheduling results. This statement is 

particularly true as the energy supplied by the bilateral transactions constitutes an 

increasingly significant portion of the total load in the system. 

4.5 Summary 

In this chapter, we proposed the generalized transmission scheduling problem (GTSP) 

formulation for the IGO to determine the provision of nondiscriminatory transmission 

services to both the pool players and the bilateral transactions. By exploring the relationships 

between the bilateral customers’ willingness to pay and their contributions to the social 

welfare, the proposed GTSP formulation captures more appropriately the social welfare and 

market efficiency loss compared to the conventional TSP formulations. In addition, the 

solution of the GTSP formulation provides more efficient market outcomes that may lead to 

higher social welfare and less market efficiency loss in the presence of congestion. 

Furthermore, the GTSP solutions provide more realistic LMPs and, consequently, LMP 

differences for the determination of the congestion charges. We assessed the capabilities of 

the proposed GTSP formulation and quantify the improvements over the TSP solutions. 

These improvements become particularly important as the load served by the bilateral 

transactions constitute an increasingly large portion of the total load in the system. We 

illustrated quantifiable benefits of the GTSP solutions on a wide range of systems including 

the IEEE 118-bus network. The representative numerical results in this chapter provide 

persuasive support for the effectiveness of the proposed formulation and the superiority of its 
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solutions over those of the conventional TSP. The work presented in this chapter constitutes 

one of the major contributions of the report. 

The congestion charges are functions of the LMPs which are determined using the GTSP 

on the day ahead of the real-time. Bilateral contracts, on the other hand, are typically signed a 

month or even a year before. At that time, the LMPs are unknown and, consequently, the 

congestion charges the transactions may be assessed are uncertain. Naturally, risk-averse 

customers wish to have risk management tools that can provide price certainty on the 

congestion charges. The financial transmission rights (FTR) are designed for this purpose. In 

the next section, we describe the model of the FTR and the financial markets in which they 

are traded. 
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5   FINANCIAL TRANSMISSION RIGHTS AND 
MARKETS 

The solution of the GTSP ensures that the transmission services provided in hour h are to 

those entities that value them most. The resulting LMPs and the congestion charges computed 

based on the LMP differences constitute important short-run economic signals. In fact, 

LMP-based congestion management schemes are becoming widely adopted in many 

jurisdictions. However, due to the interrelationship between the network capability and the 

offer/bid submission, there exists considerable uncertainty in the LMP differences. Such 

uncertainty propagates to impose uncertainties on the amount of congestion charges faced by 

the bilateral transactions. As the LMPs for a specific hour in the day-ahead energy markets 

cannot be known with certainty a priori at the time the transactions are contracted, the 

uncertainty of high congestion charges may preclude certain transactions from being 

consummated. For example, consider the plots of the LMP time series at two particular nodes 

of the PJM network over a 24-hour period that are shown in Figure 5.1. The plot of the 

resulting LMP difference time series is also given. The nodal differences may become so 

substantial in certain hours as to abort certain transactions. To overcome the uncertainties, 

financial tools have been introduced to provide transmission customers with hedging ability. 

Among such tools, the most widely used are the financial transmission rights or FTR 

[21], [23]-[26], [72], [77] which provide insurance of price certainty to their holders. FTR are 

financial tools issued by the IGO that provide the holder reimbursement of the congestion 

charges assessed in the day-ahead markets. While there are various types of FTR proposed in 
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the literature, we focus on the point-to-point FTR, as for instance, are used in PJM [24]. FTR 

are also referred to as fixed transmission rights [24] and congestion revenue rights (CRR) [7]. 

We use the FTR term throughout this report. In this chapter, we introduce the basic 

characteristics of the FTR and the structure of the financial markets in which FTR are traded. 

Key issues in the deployment of the FTR are discussed and are analyzed by marrying 

appropriate aspects of finance theory with the salient characteristics of the electricity markets. 

Based on such analysis, we propose the new notion of FTR payoff parity and develop a 

practical FTR pricing scheme, which can be used to design liquid secondary FTR markets. 
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Figure 5.1:  LMP differences of two PJM nodes on 08/23/2004 (data source: pjm.com) 

This chapter contains four sections. In section 1, we define the FTR and analyze their 

properties. The basic characteristics of the FTR markets are described in section 2. We 

introduce the new notion of FTR payoff parity and propose a scheme for pricing the FTR in 

section 3. Concluding remarks are provided in section 4. 
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5.1 FTR definition and characteristics 

We start out by giving the formal definition of FTR [7], [21], [24] that we employ 

throughout this report.  

Definition 5.1: The financial transmission rights (FTR) are financial instruments that 

entitle the holder to receive compensation for the transmission congestion charges that 

arise when the transmission grid is congested in the day-ahead markets for every hour 

in a specified duration of time. The FTR specifications are the point of receipt (the from 

node), the point of delivery (the to node), the specified amount of transmission service 

in MWh/h, the per MW premium and the duration.  

 

The typical duration of FTR is a period of time of the order of a month or a year. 

Conceptually, these FTR may be considered to be simply a collection of hourly FTR, one for 

each hour of the specified duration. For simplicity, in this report, we focus our analysis on the 

hourly FTR for the specified hour h only. The results may be extended to apply to FTR with 

the longer duration. We discuss this extension in Chapter 6. We use the quadruplet 

{ }, , ,m nΓ γ ρ  (5.1) 

to denote the specific hourly FTR from node m to node n in the amount γ  for a premium 

price ρ  $/MW for the hour h. The FTR are issued by the IGO, the so-called issuer, to the 

transmission customers, who become the holders. The holder of Γ  is entitled to receive a 

reimbursement of the congestion charges in the amount of  

( )* *
n mχ γ µ µ−  (5.2)
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from the IGO, where, *
nµ  and *

mµ  are the LMPs in the hour h day-ahead market. We refer 

to this payment as the FTR payoff [21], [23], [24]. The plot of the FTR payoff as a function of 

the LMP differences is shown in Figure 5.2. Note that the payoff may be positive, negative or 

zero. When it is nonnegative, the holder receives reimbursement from the IGO; otherwise, the 

holder pays to the IGO the amount χ . Therefore, FTR are two-sided obligations on the 

holder as well as the issuer [21].  

 

Figure 5.2: The FTR payoff function diagram 

In finance theory terminology, the FTR is considered to be a financial derivative [70, p. 

48], [82, p.77]. Indeed, the FTR embody all the attributes of forward contracts –– the 

financial derivatives that impose symmetric obligations on the holder to buy and the issuer to 

sell the underlying asset at the specified time for the specified price [70, p. 108], [82, p.95]. 

For the FTR, the attributes are 

• the payoffs given by the linear function ( )* *
n mγ µ µ−  of the value of the 

underlying asset –– the transmission services; 

• the maturity time – the time when the underlying asset is delivered – specified as the 

hour h; 

• the strike price – the pre-specified price of the underlying asset – is 0. 

χ

γ

* *
n mµ µ−
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As a purely financial instrument, the FTR do not, in any way, represent rights for 

physical delivery of energy [21], [24] since the FTR do not provide the holder any priority in 

procuring the transmission services from the IGO. Moreover, the FTR payoff is independent 

of the actual usage, i.e., the payment occurs whether or not the holder uses the transmission 

services in the actual system operations [21], [24].  

FTR, when properly used, may provide a full hedge against the congestion charges 

associated with the use of the transmission service. We consider the transaction 

{ }, ,w w w wm n tω = . Denote by *wt  the amount of transmission services provided to wω  

determined in the GTSP, then, the party requesting the transmission services for this 

transaction must pay  

( )* * *
w w

w w
n m

tξ µ µ= −  (5.3)

as congestion charges. This amount is not known prior to the day-ahead market clearing. 

Now, if this party is also the holder of the FTR { }, , ,w wm nΓ γ ρ= , then, it receives the 

FTR payoff in the amount of ( )* *
w wn m

χ γ µ µ= − . Note that the costs of purchasing the FTR 

are γ ρ . Therefore, the net costs for the transmission services are 

( ) ( )* * *
w w

w w
n m

tξ χ γ ρ µ µ γ γ ρ− + = − − +  . (5.4)

If the transactions willingness to pay and the amount of FTR are selected properly such that 

*wt γ= ,  (5.5)

then, the net costs of the transmission services for the transaction is γ ρ  as illustrated in 

Figure 5.3. Note that γ ρ  is known a priory and is independent of the market outcomes. 

Therefore, in this case, the FTR provide a perfect hedge for the congestion charges [21] and 

provides price certainty for the transmission services.  
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Figure 5.3:  FTR provide price certainty for a bilateral transaction when held in a quantity *wtγ = . 

 Due to their hedging capability, the FTR play an important role in the transmission 

congestion management. In the next section, we review the structure of the financial markets 

in which the FTR are traded.  

5.2 Characteristics of the FTR financial markets 

FTR are issued and subsequently traded in various markets. Different FTR market 

designs are implemented in various jurisdictions [7], [24], [25]. We adopt the notion that the 

exchange of FTR from one entity to another entity takes place through a sequence of markets, 

as for example, is implemented in PJM [24]. These markets include the annual auction, 

monthly auctions and periodic secondary markets as indicated in Figure 5.4. Both the annual  

 

Figure 5.4:  Time frame for the FTR financial markets 
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and monthly auctions are centralized markets run by the IGO. The FTR issued in these 

markets may then be traded in the secondary markets. 

In the annual auction, transmission customers submit bids to buy FTR. We consider the 

submission of K bids with each bid 1, 2, ,k K=  indicating the from node km , the to 

node kn , the desired quantity kγ  of the requested FTR and the maximum premium kρ  

the bidder is willing to pay for the FTR. The only seller in this auction is the IGO. The IGO 

collects all the FTR bids and determines the successful bids to maximize the total auction 

revenues. The FTR quantities that can be issued in hour h are limited by the transfer 

capabilities of the transmission network. In this way, the IGO cannot issue more FTR than the 

amount of transmission service the transmission network can simultaneously accommodate 

for the requesting transactions. Such constraints are represented by the so-called simultaneous 

feasibility test (SFT) [21], [23], [24]. In our analysis of the SFT conditions, we consider the 

FTR { }, , ,k k k k km nΓ γ ρ=  as the fictitious transaction { }, ,k k k km nω γ . The SFT 

checks whether the transmission system can support all the fictitious transactions 

corresponding to the FTR for both the base case and all the postulated contingency 

conditions. As we remarked earlier, in this report, for the sake of simplicity, we consider only 

the base case and all the constraints are embodied in the real power line flow limits. We 

denote by { }1 2, , , KΩ Γ Γ Γ=  the set of FTR issued by the IGO and the set of 

corresponding fictitious transactions by { }, , ,1 2 Kω ω ω . We use the PTDF expression 

given in (3.31) to evaluate the real power line flows on each transmission line so that the SFT 

is expressed as  
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1

k

K
max

k
k

fωγ ϕ
=

≤ ∀ ∈∑ L , (5.6) 

where kωϕ  is the PTDF of line  with respect to the fictitious transaction kω . We may 

extend the formulation in (5.6) to include the impacts of contingencies. For each contingency 

case, we add the constraints corresponding to the binding line limits for the corresponding 

network condition. Note that, for each contingency, the PTDFs of the contingency case 

network are used.  

In the annual FTR auction, the IGO uses the following formulation to determine the FTR 

issuance quantities and the premiums: 

1

1
. .

0

k

K

k k
k

K
max

k
k

k k

max

s t fω

ρ γ

γ ϕ η

γ γ

=

=

⎧
⎪
⎪
⎪⎪ ≤ ↔ ∀ ∈⎨
⎪
⎪ ≤ ≤
⎪
⎪⎩

∑

∑ L  . (5.7)

The amount *
kγ  of FTR issued for each bid 1, 2, ,k K=  is determined by the optimal 

solution of (4.10). The premium prices for the issued FTR are determined from the dual 

variables *η , ∈ L . The premium price *
kρ  for the FTR { }* *, , ,k k k k km nΓ γ ρ=  is 

given by 

* * k
k

ωρ η ϕ
∈

= ∑
L

 . (5.8)

The bidder who receives the FTR { }* *, , ,k k k k km nΓ γ ρ=  pays the total premium * *
k kρ γ .  

We next use the 3-bus system given in Figure 4.1 to illustrate how the issuance model 

works. We assume there are three bids submitted in the FTR auction and the desired FTR and 

the bid prices are listed in Table 4.2. The corresponding decision making formulation for this 
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Table 5.1: FTR bidding data for 3-bus system example 

bid k from node km  to node kn  desired quantity kγ  bidding price kρ  $/MWh 

1 1 3 450 4 

2 2 3 300 5 

3 1 2 240 6 

example is 

( )

( )

( )

1 2 3

1 2 3 1,2

1 2 3 1,3

1 2 3 2,3

1

2

3

4 5 6
1 1 2. . 180
3 3 3
2 1 1 340
3 3 3
1 2 1 380
3 3 3

0 450
0 300
0 240

max

s t

γ γ γ

γ γ γ η

γ γ γ η

γ γ γ η

γ
γ
γ

+ +⎧
⎪
⎪ − + ≤ ↔
⎪
⎪

+ + ≤ ↔⎪
⎪
⎨
⎪ + − ≤ ↔
⎪
⎪ ≤ ≤
⎪

≤ ≤⎪
⎪ ≤ ≤⎩

     . 

(5.9)

The optimal solution is  

( )

*
1

*
1,2

240 ,

0 ,

γ

η

=

=
   

( )

*
2

*
1,3

300 ,

6 ,

γ

η

=

=
   

( )

*
3

*
2,3

240 ,

0 .

γ

η

=

=
  (5.10)

The premium prices for these FTR are computed using (5.8) : 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

* * * *
1 1,2 1,3 2,3

* * * *
2 1,2 1,3 2,3

* * * *
3 1,2 1,3 2,3

1 2 1 4
3 3 3

1 1 2 2
3 3 3

2 1 1 2
3 3 3

ρ η η η

ρ η η η

ρ η η η

= + + =

= − + + =

= + − =    . 

(5.11)

An important characteristic of the solution is that the FTR issuance quantity *
kγ  is directly 

related to the relationship between the maximum willingness-to-pay kρ  and the 

corresponding premium prices *
kρ  determined by the IGO. If the maximum 

willingness-to-pay kρ  is larger than the premium price *
kρ , then, the FTR is issued in the 
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full desired amount, i.e. *
k kγ γ= . In this example, since bids 2 and 3 satisfy 

*
2 2ρ ρ>   and *

3 3ρ ρ> , (5.12)

both are issued the full desired amount of the corresponding FTR so that 

*
2 2γ γ=   and  *

3 3γ γ= . (5.13)

On the other hand, if the maximum willingness-to-pay is less than the premium price, i.e., 

*
k kρ ρ< , then, the issuance quantity *

kγ  of the corresponding FTR must be zero. If it 

happens that *
k kρ ρ= , then, *

kγ  can be any value in the range 0, kγ⎡ ⎤⎣ ⎦ . In this example, 

the willingness-to-pay of bid 1 equals the premium price 

*
1 1 4ρ ρ= =  , (5.14)

and, 

0 240 450k kγ γ≤ = ≤ = . (5.15)

Also, note that the bidders pay the premium prices *
kρ  instead of their willingness-to-pay 

kρ  for the obtained FTR. In this example, the three bidders 1B , 2B  and 3B  pay the 

amounts  

 * *
1 1 4 240 960ρ γ = =i  , 

       * *
2 2 2 300 600ρ γ = =i      

and 

 * *
3 3 2 240 480ρ γ = =i  , 

 

respectively, to the IGO . 

 

The need for the monthly FTR auctions arises whenever the FTR issued in the annual 

auction do not use all the transfer capabilities of the network and so the remaining 

capabilities are offered for sale by the IGO in the monthly FTR auctions. The holders of the 
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existing FTR may also sell all or part of their FTR holdings for the particular month in this 

auction by submitting offers. Each offer specifies the FTR for sale and the minimum price the 

seller is willing to accept. The formulation of the bids and the market clearing problem for 

the monthly auctions are similar to those of the annual auction. 

In the secondary FTR markets, the customers trade the existing FTR bilaterally between a 

willing buyer/seller pair. Under the PJM rules [24], no new FTR can be created in the 

secondary markets. Due to the limited number of customers who need FTR with the same 

from/to node pair, the liquidity of such secondary markets is limited. In the next section, we 

propose a pricing scheme for the FTR and introduce the new notion of FTR payoff parity that 

are used to facilitate the liquidity in the trading of the FTR.  

5.3 FTR valuation/pricing and FTR payoff parity 

Liquidity in the FTR trading requires practical schemes for valuing and pricing the FTR. 

Since the LMPs in each hourly market of the day-ahead markets are unknown before 

clearing, the LMPs are uncertain. Consequently, the LMPs constitute, in fact, random 

variables. We denote by *
nµ  the random variable for the LMP at node n, 0,1, ,n N= . 

Therefore, the payoff for the FTR { }, , ,m nΓ γ ρ= ,  

( )* *
n mχ µ µ γ= −  (5.16)

is also random. In this section, we develop a pricing scheme for use in FTR markets. The 

proposed scheme is constructed making extensive use of the well-established finance theory 

concepts [70, p. 96], [82, pp. 95-103], [87, pp. 163-194].  

We assume, for the pricing design of FTR as the special type of the forward contracts, 
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that the customers are risk neutral [70, p. 98], [87, p. 63] and neglect the time value of money 

due to the short time period – typically, a year or less – between the FTR issuance date the 

hour h. The value of the FTR is then simply the expected value of the payoff [70, p. 96] 

( ){ } { } { }( )* * * *
n m n mE E Eµ µ γ µ µ γ− = − . (5.17)

The expected values of the LMPs, { }*
nE µ , may be estimated using historical data. In 

practice, it is assumed either that the probability distribution of the future LMPs are the same 

as the historical LMPs, or that the LMPs follows a known stochastic process such as 

geometric Brownian motion or geometric mean reversion [70, p. 273] so that the probability 

distribution of the future LMPs may be predicted. If the FTR markets are perfectly 

competitive, the FTR prices equal the value of the FTR [82, p. 96]. In reality, however, the 

FTR markets are not perfectly competitive and the FTR prices are purely determined by the 

supply-demand balances which may be different from the true values given in (5.17). We 

propose a pricing scheme for such circumstance based on the following assumptions: 

Assumptions A5.1: 

• the FTR market is free of arbitrage [70, p. 99], i.e., the opportunity that a seller or 

buyer in this market can construct a portfolio with the profit π  satisfying the 

probability conditions: 

{ }0 0P π > >    and   { }0 0P π < =  (5.18)

where, { }P ⋅  indicates the probability of the event { }⋅ ; in other words, arbitrage is 

the opportunity for market players to make money with zero probability of losing 

money; we assume no such opportunity exists in the FTR markets [70, p. 99]. 

• the energy futures markets exist so that the futures prices [70, p. 212] of energy for 
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hour h at all the network nodes are available; we denote by nν  the futures price of 

energy at node n. 

Then, the FTR prices may be determined in terms of these futures prices as given in 

Theorem 5.1: Under the assumptions A5.1, the per MW premium ρ  of the FTR 

{ }, , ,m nΓ γ ρ=  equals the difference in the futures prices nν  and mν  at node n and 

node m, respectively : 

n mρ ν ν= −   . (5.19)

 

Proof: We prove this theorem by contradiction. Assume n mρ ν ν< − . Then, a customer may  

• buy the FTR { }, , ,m nΓ γ ρ=  for a payment of ρ γ ; 

• sell futures contract for γ  MWh/h electricity at node n for hour h at price nν γ ; 

• buy futures contract for γ  MWh/h electricity at node m for hour h at price mν γ . 

The total costs for these three transactions are: 

( )m nρ ν ν γ+ −   . (5.20)

The costs are negative since n mρ ν ν< −  by assumption. In other words, these transactions 

yield positive profits for the customer. In the day-ahead market, the customer exercises the 

futures contracts for energy and obtains the transmission services from the IGO by 

submitting unlimited willingness to pay. The payoff of the FTR reimburses the customer for 

the congestion charges incurred. Therefore, no net flow of money occurs in the day-ahead 

market. Consequently, the customer ends up with a positive net profit ( )n mν ν ρ γ− −  

with 100% probability. This corresponds to an arbitrage opportunity which violates the 
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arbitrage free assumption. Therefore, n mρ ν ν< −  cannot be true. Similarly, we reach a 

contradiction if we assume that n mρ ν ν> − . Hence, the only possible choice under the 

arbitrage free assumption is n mρ ν ν= − . 

 

Several useful results follow directly from this theorem. The price ρ  may be positive, 

zero or negative. Also, for two FTR, { }, , ,m nΓ γ ρ=  and { }, , ,m nΓ γ ρ′ ′ ′ ′ ′= , if 

m m ′=  and n n ′= , then, ρ ρ ′= . Therefore, all the FTR with the same from node and 

the same to node must have the same price. This proposed pricing scheme may be utilized to 

design more liquid secondary FTR markets. We discuss this application in Chapter 6.  

Based on these characteristics of the FTR, we next introduce the new notion of the payoff 

parity for FTR. Since the FTR holders typically hold a set of FTR, we develop this notion in 

terms of FTR sets. A set of FTR is simply a collection of FTR and may be denoted by 

{ }1 2, , , KΩ Γ Γ Γ= .  

Definition 5.2: Two FTR sets are defined to have payoff parity if they yield the same 

payoffs independent of the outcomes of the day-ahead market. We use the symbol 

“ <≡> “ to denote the payoff parity :  

       { }1 2, , ,
K

Ω Γ Γ Γ
′

′′ ′′ =  <≡>  { }1 2, , ,
K

Ω Γ Γ Γ
′′

′′′′ ′′′′ = . (5.21)

 

The definition of Ω ′  <≡>  Ω ′′  holds if and only if  

1 1

K K

k k
k k

χ χ
= =

′ ′′
′ ′′=∑ ∑  (5.22)

under every possible market outcome. We consider the notion of FTR payoff parity in two 
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special cases of FTR sets:   

• quantity accumulation condition sets: two sets Ω ′  and Ω ′′  of FTR with the same 

from node k km m m′ ′′= =  and the same to node k kn n n′ ′′= = ,  

{ }1, 2, , ,k max K K′ ′′= , the payoff parity holds or Ω Ω′ ′′<≡>  if and only if  

1 1

K K

k k
k k

γ γ
= =

′ ′′
′ ′′=∑ ∑ . (5.23)

• cycling condition sets: the set { }1 2, , ,
K

Ω Γ Γ Γ
′

′′ ′′ =  of FTR with 1m m′ = , 

K
n n

′
′ = , 1k km n+

′ ′= , 1, 2, , 1k K ′= −  and the FTR set 

{ }{ }, , ,m nΓ γ ρ=  with the amounts kγ γ′ =  for 1, 2, ,k K ′=  have 

payoff parity  

{ }{ }, , ,m nΩ Γ γ ρ′ <≡> = . (5.24)

We illustrate the quantity accumulation condition sets in Figure 5.5(a) and the cycling 

condition sets in Figure 5.5(b). The payoff parity notion allows the modification of the FTR 

quantity and/or the from/to node pair without changing the total payoff. We can show that 

 

Figure 5.5:  Examples of the FTR payoff parity 

(b)  cycling condition sets 

1m m′ = 3n n′ =

2 1m n′ ′= 3 2m n′ ′=

m n

1γ ′

2γ ′

3γ ′

1γ ′′

2γ ′′

Ω ′

Ω ′′

(a)  quantity accumulation  
   condition sets 
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Theorem 5.2: Consider two sets of FTR { }1 2, , ,
K

Ω Γ Γ Γ
′
′′ ′′ =  and 

{ }1 2, , ,
K

Ω Γ Γ Γ
′′

′′′′ ′′′′ = . If the set Ω ′′  satisfies the SFT and Ω Ω′ ′′<≡> , then , 

the set Ω′′  must also satisfy the SFT. 

 

Proof: We prove this theorem by contradiction. We assume the set Ω ′′  does not satisfy the 

SFT, then, there must exist a nonempty subset ⊆L L  such that  

1

k

K
max

k
k

fωγ ϕ ′′

=

′′
′′ >∑  ,  ∀ ∈ L  , (5.25)

where, kωϕ ′′  is the PTDF of line  with respect to the fictitious transaction kω ′′  associated 

with the FTR kΓ ′′ , 1, 2, ,k K ′′= . On the other hand, since Ω ′  satisfies the SFT, then, 

1

k

K
max

k
k

fωγ ϕ ′

=

′
′ >∑  ,  ∀ ∈ L  (5.26)

Also, since Ω Ω′ ′′<≡> , the two FTR sets should have equal payoffs, i.e., 

1 1

K K

k k
k k

χ χ
= =

′ ′′
′ ′′=∑ ∑  . (5.27)

under every possible outcome of the hour h day-ahead market. Now, we consider a particular 

outcome of the hour h day-ahead market under which only a single line ∈ L  is 

congested10. In other words, the subset L  of the congested lines in the hour h day-ahead 

market contains a single element  only, i.e., { }L = . Then, the values of the dual 

variables associated with the real power line flow limit constraints in the GTSP solution 

satisfy 

                                                 
10 For a given network, we can always construct incrementally a set of offers and bids and a set of transmission 
requests such that only a specified line  becomes congested in the market. As such, this assumption does not 
involve any loss of generality. 
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* 0λ >   and  * 0λ =  for ∀ ∈ ≠L , . (5.28)

By (4.14), the LMP differences between any pair of nodes n and m is computed using 

* * * *w w
n mµ µ λ ϕ λ ϕ

∈

− = =∑
L

 , (5.29)

In this case, the total payoffs of the FTR in the set Ω ′′  are 

( )* * * *

1 1 1

k

k k

K K K
max

k k kn m
k k k

fωχ γ µ µ λ γ ϕ λ′′

′′ ′′
= = =

′′ ′′ ′′
′′ ′′ ′′= − = >∑ ∑ ∑ , (5.30)

where we made use of the inequality in (5.25). The payoffs of the FTR set Ω ′  are 

( )* * * *

1 1 1

k

k k

K K K
max

k k kn m
k k k

fωχ γ µ µ λ γ ϕ λ′

′ ′
= = =

′ ′ ′
′ ′ ′= − = ≤∑ ∑ ∑ .  (5.31)

The combination of (5.30) and (5.31) obtains  

*

1 1

K K
max

k k
k k

fχ λ χ
= =

′ ′′
′ ′′≤ <∑ ∑  , (5.32)

which contradicts the payoff parity of Ω ′  and Ω ′′  that requires that the total payoffs of 

Ω ′′  must equal those of Ω ′  under this particular market outcome.  

 

We refer to Theorem 5.2 as the payoff parity theorem. This theorem is especially useful in the 

design of liquid FTR markets. Such an application will be discussed in Chapter 6.  

5.4 Concluding remarks 

In this chapter, we reviewed the FTR concept and the structure of the FTR financial 

markets. We analyzed the rationale for the introduction of such instruments and explore their 

properties based on their definition. Using the appropriate finance theory, we designed the 

new notion of payoff parity and proposed a practical pricing scheme. These concepts may be 

utilized to design more liquid secondary FTR markets as shown in Chapter 6.   



 

 92

The FTR concept has been intensively discussed in the literature and applied in some of 

the jurisdictions in North America. However, these discussions focus mainly on the policy 

side of the FTR and many issues have not been addressed yet. For example, the liquidity of 

the FTR markets is very limited due to the small number of transactions with the same from / 

to node pair. Detailed analytical tools are required to properly address these issues. In the 

next chapter, we present a framework that sets up a mathematical basis for the design and 

analysis of the FTR. 
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6   FRAMEWORK FOR CONGESTION 
MANAGEMENT ANALYSIS 

The detailed analysis of congestion management requires a large volume of data to allow 

the modeling of various aspects of the power system, the electricity markets and the 

associated financial markets. Specifically, the required data include the topology and the 

parameters of the network, the bidding behavior of the pool players and of the bilateral 

transactions and the description of the pattern of FTR issuance and holding. Such information 

allows the assessment of the overall performance of the congestion management scheme. In 

the four preceding chapters, we described the modeling of the transmission network, the 

hourly day-ahead electricity commodity markets and the FTR financial markets. We also 

explained the information requirements and the results produced by these models. The 

interactions between the models of the physical network, commodity markets and financial 

markets need to be studied comprehensively in the analysis of congestion and its effective 

management schemes. A natural setting for the systematic study of these interactions is an 

appropriate framework that represents these models and their interactions. In this chapter, we 

construct such a framework by making effective and detailed use of the models presented in 

preceding chapters. The framework described in this chapter, together with the applications 

presented in this and the next chapter, constitutes a major contribution of this report. 

This chapter contains four sections. We describe the construction of the framework in 

section 1. In section 2, we illustrate the application of the framework to solve a variety of 

congestion management problems such as the study on the IGO revenue adequacy, the design 
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of more liquid secondary FTR markets and the extension of the framework to analyze issues 

over a longer period of time. Section 3 is devoted to discuss the computational issues of the 

framework. We conclude with a brief summary in section 4. 

6.1 Construction of the proposed framework 

A key objective in the construction of the proposed framework is to develop a tool 

capable of dealing with all the aspects of congestion comprehensively so as to address 

appropriately any issue related to congestion management. To meet this objective, the 

detailed representation of the various markets is required. However, due to lack of a standard 

market design, the market models may vary across various jurisdictions. Furthermore, the 

practices of electricity markets are still in their early stages and the market designs are 

continuously evolving. Consequently, a framework is required to have the flexibility to 

accommodate such differences. To meet the stated objective, we propose the design of an 

interconnected three-layer structure for the framework. Specifically, we extract the models 

and representations of the physical network, the commodity markets and the financial 

markets from Chapters 2 — 5 and embed them into three separate layers. We interconnect 

these three layers by introducing the appropriate information flows to represent the 

interactions between these models. The basic structure is illustrated in Figure 6.1.  

A convenient starting point for the description is the physical network layer in which we 

embed the representation of the transmission grid and, in particular, congestion modeling. 

This layer provides a snapshot of the steady-state network in terms of its topology and 

parameters, the nodal power injections/withdrawals and the line flows associated with the 
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hour h day-ahead market outcomes. As discussed in Chapter 3, we use the reduced incidence 

 
Figure 6.1:  Structure of the framework 

matrix A  to characterize the topology of the transmission grid and the series admittances 

g j b−  of each line  in the network and various limits to represent the relevant 

parameters. The reduced nodal admittance matrix G  and the reduced nodal susceptance 

matrix B  for the network are then computed. The inputs of the power system are modeled 

by the net real power injections denoted by 0p  and [ ]1 2, , , T
Np p p=p  and the net 

reactive power injections 0q  and [ ]1 2, , , T
Nq q q=q . We use the DC power flow and 

real power line flow equations given in (3.31) to describe the hour h snapshot of the network 

d

=⎧⎪
⎨

=⎪⎩

p

f

Β θ

Β Α θ   . 
(6.1)

Equation (6.1) provides the model of the relationship between the nodal net real and reactive 

power injections, the system states vector and the real power line flows [ 1 2, , ,f ff  

] T
Lf  for the base case network. We can obtain a version of (6.1) to describe the network 

for each contingency in the specified set of contingency cases considered. These snapshot 

representations provide adequate information to assess the reliability of the system. As 

physical network layer 

commodity market layer 

financial market layer 
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discussed in Chapter 3, various constraints imposed to ensure the reliability are embedded 

into the real power line flow limits which are represented by the inequality constraints  

max≤f f  . (6.2)

These representations provide the ability to study network congestion which occurs whenever 

one or more of the inequality constraints in (6.2) become active. The information on the 

physical network state, for either the base case or one of the contingency cases in the 

specified set, is required by the commodity and the financial markets. 

The commodity market layer contains the model of the day-ahead market for hour h, as 

discussed in Chapters 2 and 4. The pool players’ behaviors are represented by the sellers’ 

offer and the buyers’ bid functions ( )s
nβ ⋅  and ( )b

nβ ⋅ , respectively, 1, 2, ,n N= . The 

desired bilateral transactions are represented by the set { }1 2, , , Wω ω ωW  and their 

corresponding transmission requests are characterized by the willingness to pay functions 

( )w wtα , 1, 2 , ,w W= , submitted to the IGO. The IGO’s decision-making process is 

modeled by the GTSP formulation11 given in (4.10): 

( ) ( ) ( )( ) ( )0 0
0 1

0 0 0 0 0

, , , ,

. .

N W
s b s b b b s s w w

n n n n
n w

s b T

s b

max

max p p p p t

s t p p p

GTSP

β β α

θ µ

θ

θ

= =

⎧ = − +⎪
⎪
⎪
⎪ − + = ↔
⎪
⎪⎪ − + = ↔⎨
⎪
⎪

≤ ↔⎪
⎪
⎪ ≤ ≤ ↔⎪
⎪⎩

∑ ∑

0

S

b

p p t

b

p p p B

B A f

t t

W

W µ

λ

η

 (6.3)

                                                 
11 Note that the equality and inequality constraints appear for the base case and for each contingency case in the 
specified set of contingencies. However, as discussed in Chapter 4, we use the simplifying assumption of 
ignoring the contingency cases in this report. 



 

 97

The optimal solution ( )* * * * *
0 0, , , ,s b s bp p p p t  of the GTSP determines the sales and the 

purchases of each pool player and the amount of transmission services *t  provided to the 

set W  of bilateral transactions. The LMPs determined from the dual variables *
0µ , *µ  at 

the optimum become then the basis for the payments to the pool sellers and by the pool 

buyers. Each bilateral transaction wω  pays the congestion charges to the IGO in the amount 

of  

( )* * *
w w

w w
n m

tξ µ µ= −  . (6.4) 

The performance of the market in hour h is evaluated in terms of the optimal social welfare  

( )

( ) ( ) ( )

* * * * * *
0 0

* * *

0 1

, , , ,s b s b

GTSP

N W
b b s s w w
n n n n

n w

p p

p p tβ β α
= =

=

⎡ ⎤= − +⎣ ⎦∑ ∑

S S p p t

  
, 

(6.5) 

the producer and consumer surpluses as defined in (2.4) and (2.5), the merchandising surplus 

K , the congestion rents totalξ  defined in (4.46) and the market efficiency loss 
GTSP

E  

given in (4.34). 

The models of the FTR and the FTR markets constitute the financial market layer. The 

definition and the properties of the FTR introduced in Chapter 5 are embedded in this layer. 

The FTR payoffs are computed in terms of   

( )* *
n mχ γ µ µ−   (6.6)

using explicitly the information obtained from the market layer. The payoff parity concept 

defined in Definition 5.2 is explored in this layer.  

Another component of the financial market layer is the FTR financial markets whose 

structure and models are represented. The desired FTR of each buyer k, 1, 2, ,k K=  in 

the FTR issuance auction is represented by its from node km , to node kn  and desired 
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quantity kγ . Its bid for the desired FTR is characterized by kρ , the maximum per MWh 

willingness-to-pay. The auction is cleared using the following formulation [23], [24]   

1

1

. .

0

k

K

k k
k

K
max

k
k

k k

max

s t fω

ρ γ

γ ϕ η

γ γ

=

=

⎧
⎪
⎪⎪
⎨ ≤ ↔ ∀ ∈⎪
⎪

≤ ≤⎪⎩

∑

∑ L

  . 

(6.7)

where kωϕ  is the PTDF of line  with respect to the fictitious transaction kω  associated 

with the FTR kΓ . The optimal solution *
kγ , 1, 2, ,k K=  of this formulation 

determines the FTR issuance quantity for the ordered node pair ( km , kn ) with the direction of 

flow is understood to be from node km  to node kn . The associated premium prices for the 

FTR are determined by the dual variables *η  using the formula 

* * k
k

ωρ η ϕ
∈

= ∑
L

 . (6.8)

*
kρ  determines the payment to the IGO for the purchase of the FTR from the IGO in the FTR 

issuance market.  

In the secondary FTR markets, the prices of the traded FTR are determined on the basis 

of supply-demand conditions. Such prices vary depending on the forecasted values of the 

LMP differences for the future. The representation of the FTR markets in this layer requires 

the inclusion of a scheme to determine the risk-neutral FTR price based on the arbitrage free 

assumption discussed in Chapter 5. The risk-neutral price of the FTR is computed as 

n mρ ν ν= −   , (6.9) 

where nν  and mν  are the futures prices of the energy at node n and node m, respectively. 

We include the representation of such a scheme in the financial market layer.  

The interactions between the various models in the three-layer framework for congestion 



 

 99

analysis also require the representation of these linkages. For this purpose, we add the 

information flows as depicted in Figure 6.2. We next describe these information flows and 

how the framework works. 

Figure 6.2:  The information flows 

We start with the financial market layer. The decision making process of the IGO in the 

FTR issuance requires the SFT to be satisfied which necessitates, in turn, the repetitive 

information exchange between the financial market and the network layers. A tentative FTR 

set Ω  is sent to the network layer to check its feasibility with respect to the SFT and the 

result is fed back to the financial layer. If infeasible, the issuance quantities are modified and 

a new FTR set is provided to be again verified. Such iterations continue until the feasible 

solution Ω  is determined. As we have pointed out in Chapter 5, the outcomes of the 

financial markets may impact the transmission customers’ behavior in the commodity market. 

We denote by Ω̂  the set of FTR of the holders resulting from the FTR issuance and the 

secondary markets. The Ω̂  information is made available to the commodity market layer 

and impacts both the pool players’ bids/offers and the bilateral transactions’ transmission 

physical network layer 

commodity market layer 

, pW

SFT 

* *,µ λ Ω̂

Ω

financial market layer 

s
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service requests, which constitute critical inputs into the GTSP. Since the market clearing in 

the hourly commodity markets explicitly takes into account the physical constraints of the 

network, the GTSP represents implicitly the interaction between the physical network and 

commodity market layers. The computation of the optimal solution of the GTSP includes the 

determination of the physical state s  and the LMPs *
0µ , *µ  which are then made 

available to the financial market layer to compute the FTR payoffs. The information flows 

serve to interconnect the three layers into the proposed integrated framework.  

We note two salient characteristics of this proposed framework: 

• comprehensiveness: the framework represents the necessary interactions between the 

representation of the physical network, the modeling of the day-ahead markets and 

that of the financial markets for FTR to allow the analysis of congestion 

management issues; virtually, any issue related to congestion management may be 

analyzed with the context of the proposed three-layer framework and the information 

flows. The framework constitutes an advance of the state of the art as reported in the 

literature [11], [12], [49], [57]. Unlike the earlier models reported in the cited 

literature that consider interaction between, at most, two layers, the proposed 

framework establishes a general analytical construct that represents fully the 

interactions among the appropriate models that represent congestion problem;  

• flexibility: the structural modularity of the framework provides wide flexibility in its 

application to a very broad range of congestion management problems. The models 

in each layer are general so that different market designs and different network 

conditions may be represented. For example, the framework may be applied to 
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analyze the market power issues [26] arising from the FTR holding in network with 

more complex structure than those reported in [26] and [78]. Also, since the 

information flows are unaffected by of the models in each layer, we may easily 

modify any one layer without impacting the models in the other two layers. This 

flexibility provides the ability to analyze congestion management issues under 

different market designs. 

These characteristics make the framework useful in the application to the congestion 

management. In the next section, we give specific examples of such applications. 

6.2 Applications of the framework 

In this section, we discuss three different applications of the framework. These are 

• assurance of the IGO revenue adequacy; 

• design of liquid FTR secondary markets and reconfiguration scheme; and, 

• extension of the framework to investigate longer-term issues.  

These applications serve to illustrate the capabilities of the proposed framework. An 

additional application is given in the next chapter. 

The study of the IGO revenue adequacy is an important issue since the IGO, as a 

non-profit independent entity, must ensure its revenue adequacy to perform its functions. The 

IGO collects the merchandising surplus  K  in the hour h pool market and the congestion 

charges from the bilateral transactions for this hour and, then, uses this revenue to make the 

necessary FTR payoffs. The authors in [21] claimed that if the FTR satisfy the SFT, the IGO 

revenue adequacy is guaranteed. However, this claim is not necessarily true, as shown by 
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actual practice since the IGO often experiences a lack of sufficient revenue to cover the FTR 

payoffs that the IGO must make [24]. The reason for such revenue shortages requires a study 

of the models involved in its computations. 

In the commodity market layer, the IGO collects the congestion rents that equal the pool 

market merchandising surplus and the congestion charges from the bilateral transactions, 

generating total revenue of 

( ) ( )* * *

0 1
w w

N W
total * b* s* w

n n n n m
n w

p p tξ µ µ µ
= =

= − + −∑ ∑ . (6.10)

These revenues are then used to make the payoffs to the FTR holders. Let 

{ }ˆ1 2
ˆ , , , KΩ Γ Γ Γ=  be the set of FTR held by the holders resulting from the FTR 

issuances and the secondary markets. Each element { }, , ,k k k k km nΓ γ ρ=  in the set Ω̂  

represents the FTR that receive payoff from the IGO. The total FTR payoffs are 

( )
ˆ

* *

1
k k

K
total

n m k
k

χ µ µ γ
=

= −∑  . (6.11)

The conditions providing assurance for IGO revenue adequacy are given by the following 

Theorem 6.1: If the existing FTR satisfy 

(i) the SFT condition in (5.6); and  

(ii) the network topology and parameters in the SFT are the same as those used in 

the GTSP for the day-ahead market, 

 then, the IGO revenue adequacy is guaranteed : 

total totalχ ξ≤   (6.12)

with the equality holding only when  
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ˆ

1

k

K
max

k
k

fωγ ϕ
=

=∑ ,     ∀ ∈ L  . (6.13)

  

Proof: We start the proof with the expression for the congestion rents totalξ  in (6.10). We 

use the expression (4.14) that represents the relationship between the LMP differences and 

the dual variables *λ  associated with the real power line flow limits : 

* * *
w w

w
n m

µ µ λ ϕ
∈

− = ∑
L

 . (6.14)

Here, the summation is carried out only over the lines operating at their maximal flow limits 

– the elements of L . For a transaction { }, 0,w wn tω =  with the to node at the slack bus 

and the from node at bus n, the PTDF wϕ  reduces to the ISF nψ . Then, 

* * *
0 n nµ µ λ ψ

∈

− = ∑
L

 . (6.15)

Therefore, 

* * *
0n nµ µ λ ψ

∈

= − ∑
L

 . (6.16)

We apply (6.16) to the first term of the congestion rents totalξ  in (6.10) which may then be 

rewritten as  

( ) ( )

( ) ( )

( )

0
0 0

0
0 0

0
.

N N
* b* s* * * b* s*
n n n n n n

n n

N N
* b* s* * b* s*

n n n n n
n n

N
* s* b*

n n n
n

p p p p

p p p p

p p

µ µ λ ψ

µ λ ψ

λ ψ

= = ∈

= = ∈

∈ =

⎛ ⎞
− = − −⎜ ⎟

⎝ ⎠

= − − −

= −

∑ ∑ ∑

∑ ∑ ∑

∑ ∑

L

L

L

  

(6.17)

We used the fact that ( )
0

0
N

b* s*
n n

n
p p

=

− =∑  for a lossless system. We also apply (6.14) to the 

second term of the congestion rents totalξ  in (6.10) to obtain 
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( )* * * * *

1 1 1
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W W W
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n m
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t t tµ µ λ ϕ λ ϕ
= = ∈ ∈ =

⎛ ⎞
− = =⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑ ∑
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 . (6.18)

Therefore, the expression for totalξ  may be written as 

( ) *

0 1

N W
total * s* b* w w

n n n
n w

p p tξ λ ψ ϕ
∈ = =

⎡ ⎤
= − +⎢ ⎥

⎣ ⎦
∑ ∑ ∑

L

 . (6.19)

However, the bracketed term is simply the real power flow f  in line  as given by 

(3.24). Note that the summation in (6.19) is only over the congested lines that constitute L . 

Therefore, the real power flow f  equals the value of the flow limit maxf , i.e.,  

( ) *

0 1
,

N W
s* b* w w max

n n n
n w

f p p t fψ ϕ
= =

= − + = ∀ ∈∑ ∑ L  . (6.20)

Therefore, the expression for totalξ  is  

total * maxfξ λ
∈

= ∑
L

 . (6.21)

Next, we consider the expression of the total FTR payoffs totalχ  in (6.11). Again, we 

apply (6.14) to this expression so that it becomes 

ˆ
*

1

k

K
total

k
k

ωχ γ ϕ λ
= ∈

= ∑ ∑
L

ˆ
*

1

k

K

k
k

ωλ γ ϕ
∈ =

= ∑ ∑
L

 . (6.22)

Now, since the FTR holdings issued satisfy the SFT conditions, we have from (5.10) that  

ˆ

1

k

K
max

k
k

fωγ ϕ
=

≤ ∀ ∈∑ L  . (6.23)

Then, it follows that  

ˆ
*

1

k

K
total * max total

k
k

fωχ λ γ ϕ λ ξ
∈ = ∈

= ≤ =∑ ∑ ∑
L L

  (6.24)

and the proof is complete. 

  

Theorem 6.1 makes clear that two conditions need to be satisfied in order to ensure the 
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IGO revenue adequacy. These are 

• the FTR must satisfy the SFT ; and 

• the network topology and parameters and, consequently, all the distribution factors 

used in the SFT must be identical to those used in the GTSP formulation for the 

day-ahead commodity market. 

In practice, the first condition is, typically, satisfied as the IGO strictly enforces the SFT in 

issuing the FTR [24]. The second condition, however, may not be satisfied in certain cases. In 

fact, since the FTR issuance occurs months earlier than the day-ahead market, the distribution 

factors used in the SFT are based on predicted network conditions. These factors may be 

different from those used in the GTSP formulation due to the inability to accurately forecast 

the exact values. Such differences may result in cases where the revenue adequacy condition 

of (6.12) does not hold and, consequently, leads to revenue shortage for the IGO. This result 

is important in that it reveals the reason why revenue shortages may arise. The application of 

the framework therefore provides the appropriate analytical basis for ensuring revenue 

adequacy. The theorem shows the criticality of the PTDF value for the revenue adequacy – a 

condition that is missing in the earlier revenue adequacy results [21].  

We illustrate the result in Theorem 6.1 using the 3-bus system example of Figure 4.1. We 

assume the day-ahead market outcomes are determined by the GTSP solution and are those 

given in Table 4.2. Then, the merchandising surplus K  of the pool market is 

* * * * * *
1 1 2 2 3 3

360 30 180 40 540 50

9,000

s s bp p p

$

µ µ µ= − − +

= − − +

=

i i i

K

  

and the congestion charges assessed from the bilateral transactions are 
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( )120 50 40 1,200$− =i   

so that the total congestion rents collected by the IGO are  

9,000 1, 200 10, 200total $ξ = + =  .  

We also assume the FTR holdings in this system to be the same as those in the FTR issuance 

result given in (5.10) and (5.11). Then, the total FTR payoffs are  

( ) ( ) ( )* * * * * * * * *
1 3 1 2 3 2 3 2 1

240 20 300 10 240 10

10,200

total

$

χ γ µ µ γ µ µ γ µ µ= − + − + −

= + +

=

i i i

. 

Since the FTR satisfy the SFT as shown in (5.9) and the PTDFs used in the GTSP and the 

SFT are identical, the IGO has revenue adequacy, i.e., the congestion rents 

10, 200total totalξ χ= ≥ , the total payoffs. In this example, the equality holds since the 

condition in (6.13) holds as ( ){ }1,3L =  and  

3

(1,3) (1,3)
1

2 1 1240 300 240 340
3 3 3

k max
k

k
fωγ ϕ

=

= + + = =∑ i i i  . 

  

We next consider another application of the proposed framework. We focus on the 

design of secondary FTR markets with enhanced liquidity. Due to the limitation of the 

centralized FTR issuance, not all the buyers can obtain the desired FTR. The usefulness and 

usability of the FTR may be improved through the design of appropriate secondary markets in 

which the FTR holders can trade their holdings. The secondary market designs proposed in 

the literature allow the trading of only the existing FTR in order to avoid the need to involve 

the IGO [24]. However, since the existing FTR are for specified pairs of nodes in the stated 

quantities, the liquidity of such secondary market is limited given that there are only a few 
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interested parties with the same node pair combination as those of the issued FTR. We 

propose the design of secondary markets based on the application of the payoff parity notion 

and the introduction of a reconfiguration scheme. We describe next the enhancements to the 

FTR markets. 

The payoff parity notion is used to replace a set of existing FTR by another set which has 

payoff parity with the initial FTR set. The payoff parity Theorem 5.2 ensures that the new set 

satisfies the SFT as long as the initial FTR set does. In this way, an existing set of FTR may 

be replaced by one for which there may be parties interested in their purchases. To present 

the idea in simple terms, consider an FTR holder whose holdings include the FTR 

{ }, , ,m nΓ γ ρ= . Denote the rest of the existing FTR by the set Ω . The FTR issuance by the 

IGO ensures that the set of existing FTR { }Γ Ω∪  satisfies the SFT. If we construct an 

FTR set { }1 2, , ,
K

Ω Γ Γ Γ
′
′′ ′′ =  which has payoff parity with the FTR set { }Γ , then 

the set Ω Ω′ ∪  has payoff parity with the existing set { }Γ Ω∪  of FTR and, 

consequently, also satisfies the SFT as assured by the Theorem 5.2. As this condition is met 

without necessitating IGO intervention, the holder of the FTR Γ  may replace it by Ω ′  

and sell the latter in the secondary markets. This application of the payoff parity theorem 

provides new flexibility in the design of secondary markets since new sets of tradable FTR 

can be used to replace the current holdings. A key aspect of this idea is that this flexibility 

does not require intervention by the IGO, yet it increases the tradability of existing FTR and 

therefore leads to increased FTR market liquidity. 

An additional way for increasing the FTR market liquidity is the use of an FTR 

reconfiguration scheme. The basic idea is to apply the FTR pricing methodology to allow the 



 

 108

replacement of the existing FTR { }, , ,m nΓ γ ρ=  by { }, , ,m nΓ γ ρ′ ′ ′ ′ ′=  for a different 

node pair and in a modified amount. Conceptually, one may view this replacement as the 

return to the IGO of the FTR Γ  and the issuance by the IGO of a new FTR Γ ′ . The FTR 

pricing methodology discussed in Section 5.3 provides the basis for developing such a 

replacement. We construct a reconfiguration scheme, making use of the arbitrage free 

assumption in the financial markets and determining the quantity γ ′  of Γ ′  so that the 

value γ ρ′ ′  of the new FTR Γ ′  and the value γ ρ  of the replaced FTR Γ  are equal. 

The new FTR Γ ′  must also satisfy the SFT and so information exchanges between the 

network and financial market layers are required. There are two possible situations that may 

arise depending on the SFT feasibility: 

• the SFT conditions are satisfied: we set  

n m

n m

ν νγ γ
ν ν′ ′

⎛ ⎞−′ ⎜ ⎟=
⎜ ⎟−⎝ ⎠

 (6.25)

where iν  is the futures price of energy at node i, , , ,i n m n m′ ′= . Since, Theorem 

5.1 obtains that    

n mρ ν ν= −   and  
n m

ρ ν ν′ ′
′ = − , (6.26)

the value equality is satisfied; 

• the SFT conditions are violated: we set the quantity γ ′  of the new FTR Γ ′  to be 

the maximum MW amount that satisfies the SFT. We denote the rest of the existing 

FTR by { }ˆ1 2 1, , , KΓ Γ Γ
−

, then, the SFT with the new FTR Γ ′  is 

ˆ 1

1

,k

K
max

k
k

fω ωγ ϕ γ ϕ
−

=

′′+ ≤ ∀ ∈∑ L  . (6.27)

Since this scheme ensures that the existing FTR Γ  and the new FTR Γ ′  have equal 
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values, it ensures that no arbitrage opportunity may arise [70, p. 99]. The reconfiguration 

scheme adds liquidity to the secondary markets since it provides means to obtain the FTR 

with from/to node pair different from that of those existing in the markets.  

 We next discuss the use of the framework for the study of markets over a longer time 

horizon. The discussion so far has focused on the use of the framework for the specified hour 

h of the day-ahead market. In many cases, study over a longer horizon is required. The 

framework may be adapted for such applications through a careful extension of the proposed 

structure. We consider, as an example, the study of FTR pricing for an extended period of 

time such as a month or a year, as is the practice in some jurisdictions [24]. For this purpose, 

the financial market layer covers the entire duration period of the issued FTR. We consider 

the study for the period starting in hour 1h  and ending in hour Hh . The financial market 

layer needs to cover this entire period and so we extend this coverage to construct the 

modified structure depicted in Figure 6.3.  

 

Figure 6.3:  Extended framework for the analysis of long-term FTR issues 

For each hour of this period, there is a physical network layer and a commodity market 

financial market layer

commodity market layer 

SFT 

commodity market layer 

physical network layer physical network layer 

* *,µ λ Ω̂

Ω
,W p  s SFT

* *,µ λ Ω̂

Ω
,W ps

time

hour 1h   hour Hh   
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layer as in the single hour discussed so far. The information flows remain unchanged except 

that the FTR holding information Ω̂  remains the same over the entire period and so must 

satisfy the SFT for each hour [ ]1 , Hh h h∈ .  

We consider the pricing of the FTR that are issued for a period of time starting in hour 

1h  and ending in hour Hh . Using the information flows from the commodity markets, we 

obtain the LMPs at each hour 1 , Hh h h⎡ ⎤∈ ⎣ ⎦ . The payoffs and the risk-neutral prices hρ  

may then be calculated for each hour 1 , Hh h h⎡ ⎤∈ ⎣ ⎦  using (6.9). Then, the value of the FTR 

for the period 1 , Hh h⎡ ⎤⎣ ⎦  is simply the sum 
1

fh

h
h h

γ ρ
=
∑ , where we used the fact that the FTR 

quantity γ  remains unchanged over the entire period 1 , Hh h⎡ ⎤⎣ ⎦ . 

The extension of the single hour framework to longer period studies for other purposes 

is also possible. In this report, we focus on the single hour and so we will not devote further 

discussion to this topic. 

6.3 Computational aspects of the framework implementation 

In the implementation of the framework, we make use of the distribution factors derived 

from the linearized model of the network embedded in the physical network layer of the 

framework. The key advantages of the models based on the distribution factors are the 

simplicity and the computational efficiency. Use of these distribution factors may, however, 

introduce errors in the evaluation of power flows. The interactions between the layers lead to 

the propagation of such errors into and through the commodity market and the financial 

market layers and may, consequently, impact the outcomes of the corresponding markets. 

Particularly, since the FTR are typically issued a year or a month before hour h, the 
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topology/parameters of the hour h network cannot be accurately forecasted at the time of FTR 

issuance. Consequently, the distribution factors used in the financial markets may be different 

than those in the GTSP formulation for the day-ahead hour h market as indicated in Figure 

6.4. Such differences may, in turn, impact the FTR issuance quantities and the IGO revenue 

adequacy. In this section, we examine the PTDF errors introduced due to the forecast 

inaccuracy and assess their impacts on the FTR issuance quantities and the assurance of IGO 

revenue adequacy.  

 

Figure 6.4:  PTDFs used in the FTR issuance and GTSP 

We first analyze the impacts of the PTDF errors on the FTR issuance quantities. We 

denote by wϕ , 1, 2, ,w W= , ∈ L , the PTDFs used in the FTR issuances and by ˆ wϕ , 

1, 2, ,w W= , ∈ L , the PTDFs used in the GTSP formulation, as shown in Figure 5.4. 

We study the impacts of the PTDF errors  

ˆw w wϕ ϕ ϕ∆ −  (6.28)

on the outcomes of the FTR markets. If the forecast of the network were accurate, then, the 

SFT conditions in the FTR issuance are checked using the GTSP PTDFs, i.e.,    

*

1

ˆ
K

k
k

γ
=

∑ ˆ ,k maxfωϕ ≤ ∀ ∈ L  . (6.29)

But, in reality, the inability to accurately forecast the network conditions implies that the 

PTDFs kωϕ , but not ˆ kωϕ , are used in checking the SFT conditions. As a result, the issued 

h - year h - month h - day h  h + month 
time 
axis

FTR issuance 
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FTR quantities are * * * *
1 2, , ,

T

Kγ γ γ⎡ ⎤⎣ ⎦γ  which satisfy the SFT in (6.7) with the 

forecasted PTDFs kωϕ , i.e.,  

*

1

K

k
k

γ
=

∑ ,k maxfωϕ ≤ ∀ ∈ L  . (6.30)

Now, for the day-ahead hour h market, the *
kγ  may not satisfy the SFT conditions 

corresponding to the PTDFs used in the transmission scheduling GTSP. Hence, the PTDF 

errors may lead to the FTR issuance of too large a number of FTR, which may result in the 

inability of the transmission system to simultaneously accommodate all the transactions 

corresponding to the FTR, or an overly conservative issuance so that not all the transmission 

capability is used. Let 

*γ̂  *
1ˆ ,γ⎡⎣

*
2ˆ ,γ *ˆ,

T

Kγ ⎤⎦  (6.31)

be the vector of the optimal issuance quantities corresponding to the PTDFs ˆ kωϕ . We can 

compute an upper bound E on the magnitude of the relative γε  on the FTR issuance 

quantities 

* *

*

ˆ

ˆ
γε

−γ γ

γ
 , (6.32)

so that, 

Eγε ≤  . (6.33)

Here, the notation *γ̂  refers to the 2 - norm of the vector *γ̂ . The expression of this 

upper bound E is given in Appendix B. We also show in Appendix B that the value of E is, 

typically, small and so the relative errors due to the use of the forecasted PTDFs rather than 

those of the day-ahead markets are relatively small.   

To quantitatively assess the severity of the PTDF errors and their impacts on the 
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outcomes of the financial markets, we have also simulated various cases on a number of test 

systems including the IEEE 7-bus, 14-bus, 57-bus and 118-bus systems and portions of the 

US Eastern Interconnection. The test data used for the simulations are presented in Appendix 

C. To discuss results of our extensive simulation studies, we use the IEEE 118-bus system 

since these results are highly representative of all the systems tested.  

We designate the reference case of the test system to be the network used to compute the 

PTDFs for the GTSP in the day-ahead market of hour h. We simulate the inaccuracy of the 

forecasted network topology and parameters by considering the forecasted network to be a 

modification of the reference network with changes in either the topology or the parameters 

of the network. For the IEEE 118-bus network, we considered the following two sets of 

changes in the forecasted network: 

(a) the set of double reactance cases: for each line in the set of lines { (4,11), (8,30), 

(11,13), (15,33), (23,24), (24,70), (25,26), (25,27), (26,30), (37,34), (46,45), (49,51), 

(55,59), (65,38), (68,81), (69,77), (76,118), (88,85), (89,92), (113,31)} , the line 

reactance is doubled, one line at a time, to simulate the forecast inaccuracy in the line 

parameters; we construct the set of corresponding cases for the parameter error study; 

(b) the set of line outage cases: for each line in the above set, we simulate its outage, one 

line at a time, to represent the network topology forecast inaccuracy and construct the 

set of corresponding cases for the network topology error study.  

Each case in the set (a) corresponds to the case of losing a line in a pair of identical lines 

connecting the terminal nodes. Each case in the set (b) corresponds to a case of forecasting 

the loss of a line connecting the terminal nodes. In the reference network, the line is actually 
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not outaged. For each case in the sets (a) and (b), we compute the PTDF for every pair of 

nodes and every line in the network and compare it with the reference case value. We 

compute the relative errors for each PTDF using 

ˆ
ˆ

w w

w
ϕ ϕ ϕε

ϕ
−  . (6.34)

To provide an overall assessment of the severity of these errors, we collect the relative error 

ϕε  of all the PTDFs for all the cases in the set (a) and compute the relative frequencies of 

different ϕε  values. The resulting plot is given in Figure 6.5.    
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Figure 6.5: Relative frequency of the relative PTDF errors for the set (a) of double reactance cases for the IEEE 

118-bus system 

We perform the same analysis for the cases in the set (b) and the results are plotted in 

Figure 6.6. The two plots in Figures 6.5 and 6.6 indicate that the relative frequency is high for 

small magnitude errors but rather low for large errors for the two sets of cases (a) and (b). 

These plots make clear that, although the parameter/topology forecast inaccuracy of the 

network may result in major impacts on the forecasted values of some particular PTDFs, the 

fraction of PTDFs that are impacted is relatively small. 

ϕε



 

 115

 
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

0

0.05

0.1

0.15

0.2

0.25

relative PTDF error

re
la

tiv
e 

fr
eq

ue
nc

y

 
Figure 6.6: Relative frequency of the relative PTDF errors for the set (b) of line outage cases for the IEEE 

118-bus system 

The information in these relative frequency plots may be more usefully displayed by first 

evaluating the cumulative relative frequencies of the relative PTDF errors by integrating the 

relative frequencies and then plotting the cumulative quantities against the relative PTDF 

errors. The plots for the two sets of cases (a) and (b) are provided in Figure 6.7. The 

side-by-side comparison of the cumulative relative frequencies allows us to assess the 

impacts of parameter changes versus line outages. Typically, line outages have more marked 

impacts on the PTDF values than line parameter changes.  
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Figure 6.7: Cumulative relative frequency plots for the relative PTDF errors for the IEEE 118-bus system 
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We next examine the relationship between the relative PTDF errors ϕε  and the 

magnitude of the reference case PTDF. The results are displayed in the scatter plot in Figure 

6.8. This plot reinforces the finding that large relative errors are associated primarily with 

small magnitude PTDFs, a situation that was observed in all the cases studied and on all the 

test systems.  

 
Figure 6.8: A scatter plot of the relative errors as a function of the PTDF magnitudes for the IEEE 118-bus 

system 

Next, we consider the PTDF error impacts on the FTR issuance quantities. We determine 

the issuance quantities using the reference case PTDFs ˆ wϕ  and compare those using the 

forecasted PTDFs wϕ  for each case in the sets (a) and (b). We evaluate the relative errors 

γε  of the FTR issuance quantities defined in (6.32). To see the nature of these errors under a 

wide range of conditions, we repeat this process under different sets of FTR bids. For all the 

elements in the sets (a) and (b), we evaluate the relative frequencies and the cumulative 

relative frequencies for all the cases. The two resulting cumulative relative frequency plots 

are given in Figure 6.9. These plots indicate that the impacts on the FTR issuance quantities 

ϕε
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of the relative PTDF errors due to the network topology and parameter forecast inaccuracy 

are rather small. In both sets (a) and (b), the relative errors are smaller than 10% for more 

than 85% of the cases. The plots in Figure 6.9 are representative as similar results are 

observed in all the test systems studied. 
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Figure 6.9:  Cumulative relative frequency plots for the relative FTR issuance quantity errors for the IEEE 118-bus 

system 

The PTDF forecasting errors may also impact other aspects of the financial and 

commodity markets. As an example, we show the impacts on the aspect of IGO revenue 

adequacy. In our discussion of the implications of Theorem 6.1, we indicated that the IGO 

may incur revenue shortages whenever the PTDFs used in the SFT of the FTR issuances are 

different than those used in the GTSP of the day-ahead market whose outcomes determine the 

payoffs to the FTR holders. We investigate revenue adequacy with the PTDF forecast errors 

of the two sets of cases (a) and (b). We compute the IGO revenue totalξ  collected in the 

day-ahead market in which the PTDFs of the reference case system are used. We compare 

this revenue with the required payoffs totalχ  of the FTR whose issuances are determined 

γε
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using the change case PTDFs. We evaluate the IGO revenue–payment difference 

total totalξ χ−  for each case in the sets (a) and (b) and compute the cumulative relative 

frequency of these differences. The two resulting plots are given in Figure 6.10. 
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Figure 6.10:  Cumulative relative frequency plots for the IGO revenue-payment differences for the IEEE 118-bus 
system 

The cumulative relative frequency plots indicate that the IGO has revenue adequacy in 

the overwhelming majority of the cases studied. For the two sets of cases (a) and (b), the IGO 

revenues exceed the FTR payments in more than 88% of the cases. In the revenue inadequate 

cases, the shortfall is associated with the violation of the SFT : although the forecasted 

PTDFs wϕ  ensure that the SFT are satisfied, for the PTDFs ˆ wϕ  used in the GTSP, there 

are one or more violations in the SFT conditions. It is also interesting to note that the size of 

the shortfall is also small. The medians of the IGO revenue–payment differences of the cases 

in the sets (a) and (b) are $ 24,000 and $ 45,000, respectively, as indicated in Figure 6.10. 

The average value of the IGO revenue-payment differences of the cases in these two sets is  

$ 33,576, indicating that, on the average, the IGO revenues exceed the FTR reimbursements 

( )total total thousands of $ξ χ−

median values 
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by a healthy margin. As such, over a given period, it is reasonable to expect that there is 

revenue adequacy. In fact, this finding may provide a basis for a rationale for performing the 

FTR settlements on a monthly basis, as is done by PJM [24]. The monthly calculations 

smooth out the impacts of the PTDF errors.   

Additional simulation results investigating the impacts of the PTDF forecast errors on 

the outcomes of the various markets are reported in [35] and [37]. Our simulations indicate 

that the impacts of the PTDF errors on the outcomes of the commodity and financial markets 

stay in an acceptable range under a broad spectrum of conditions. The propagation of the 

PTDF errors through the framework is, therefore, not a concern. Such an observation, based 

on our extensive testing work, indicates that the simplifications brought by the use of the 

linear models in the framework, in general, and the extensive role of the PTDFs, in particular, 

are, consequently, advantageous characteristics of the proposed framework. 

6.4 Summary 

In this chapter, we constructed the proposed multi-layer framework for the analysis of 

congestion and its management. This framework comprehensively represents the scope of 

issues of interest in congestion management because of the explicit representation of the 

network, the commodity markets and the financial FTR markets as well as their various 

interactions. The framework is modular and, therefore, provides flexibility to accommodate 

different market designs. The framework models make extensive use of the distribution 

factors to allow the computations to be tractable. We illustrated the capability of the 

framework by discussing the application of this framework to two important problems in 
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congestion management – the assurance of the IGO revenue adequacy and the design of 

secondary FTR markets with added liquidity. In addition, we discussed the use of an extended 

framework to study issues related to market decisions over a longer duration of time.  

Due to the time difference between the financial and the day-ahead commodity markets, 

the issue of PTDF forecast inaccuracy arises. In this chapter, we investigated the nature of the 

PTDF errors introduced by the use of forecasted values and studied the impacts of the 

differences between the forecasted and the day-ahead hour h market values on the outcomes 

of the commodity and financial markets. The analytical and empirical results indicate that 

such errors stay in an acceptable range for a broad spectrum of network conditions. Given the 

significant simplification in computation brought by the use of the PTDFs, this study 

demonstrates that this simplification has no undesirable side effects in terms of accuracy 

impacts. 
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7  SUBSTITUTABILITY OF GENERATION AND 
TRANSMISSION FOR CONGESTION RELIEF 

The principal cause of transmission congestion is the lack of adequate transfer 

capabilities in the transmission network. Under the idealized condition of a 

transmission-unconstrained market, the various buyers and sellers, be they in a pool 

arrangement or in bilateral transactions, are able to consummate desired deals as long as their 

respective surpluses are nonnegative. However, with the transmission constraints taken into 

account, the resulting constrained transfer capabilities may be unable to accommodate the 

desired unconstrained market outcomes without violating one or more network constraints. It 

follows that a modification of the network resulting in the increase of the constrained transfer 

capability(ies) is a viable scheme for congestion relief. An alternative approach is the 

addition of supply sources at nodes at which additional injection can be accommodated 

without violating the network transfer capabilities. Recent advances in distributed generation 

technology can be effectively exploited in the implementation of such a new resource 

addition for congestion relief. Conceptually, we may view the additional generation 

introduced and the transmission transfer capability enhancement as substitutable congestion 

relief schemes in the sense that either the generation resource or the transmission transfer 

capability enhancement, when appropriately applied, is a viable approach to relieve some 

fraction of the transmission network congestion. In some cases, the system may benefit more 

with both the generation resource addition and the transmission transfer capability 

enhancement than with just either of them. In this sense, resource addition and the transfer 
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capability enhancement have complementarity [88]. While the substitutability term in 

economic theory expressly excludes complementarity [88], in this report, we slightly abuse 

the term and implicitly allow complementarity in our discussion of substitutability. 

In this chapter, we make extensive use of the framework presented in Chapter 6 and 

investigate this substitutability concept by formulating an appropriate measure for evaluating 

the impacts of either approach. The application and the resulting approach are new and there 

appears to be no similar investigation reported in the literature. As such, the work presented 

in this chapter constitutes a key contribution of this report.  

This chapter contains five sections. We start in section 1 with a simple example to 

motivate this substitutability notion. Section 2 is devoted to the formulation of the appropriate 

analytical basis for the substitutability study. In section 3, we provide analytical results to 

allow the quantification of the impacts of a generation resource addition and a transmission 

transfer capability enhancement on a consistent basis. This analysis provides a practical and 

meaningful performance metric for substitutability. We present in section 4 representative 

results of the various simulations performed on several test systems and conclude with a 

summary in section 5. 

7.1 A motivating example 

We first illustrate the effect of an additional generation resource and that of a 

transmission transfer capability enhancement in providing congestion relief using the simple 

three-bus network example of Figure 7.1. We consider the system to be lossless and each line 

to have the same line impedance. Our focus is on the day-ahead commodity market and 
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transmission scheduling for the single specified hour h.  

 

Figure 7.1: The three-bus system of the example. 

There are two sellers 1S  and 2S  at buses 1 and 2, respectively, each with 420 MW 

generation capacity. The offer price of 1S  is 30 $/MWh and that of 2S  is 40 $/MWh. The 

single buyer 3B  at bus 3 is willing to pay up to 60 $/MWh to satisfy its 600 MW demand. 

The offer and bid data are graphically summarized in Figure 7.2. The results of the 

transmission-unconstrained market outcomes for the system are shown in Figure 7.3. Under 

unconstrained conditions, all the demand of the buyer 3B  is satisfied and the LMP at all the 

three buses are the same and equal to the MCP *µ . We note that the flows that would result 

for the unconstrained market outcomes are not all feasible. In particular, the real power flow 

on line (1,3) exceeds its limit. Consequently, with the transmission constraints taken into 

account, the desired schedule given by the transmission-unconstrained market must be 

modified to avoid such a violation. 

 

Figure 7.2: The marginal offers and the marginal bid information for the three-bus system. 
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Figure 7.3: Transmission-unconstrained market outcomes for the reference case of the three-bus system. 

One possible approach is to curtail some of the demand of buyer 3B  and/or to curtail 

part of the lower-priced energy output of the seller 1S . Such an approach results in the 

schedule and the real power line flows depicted in Figure 7.4. Although not all the 

lower-priced supply of seller 1S  is used, the transfer of additional energy from bus 1 to bus 

3 is not possible due to the fact that the real power flow limits of lines (1,3) and (2,3) are 

binding. The congestion on these two lines results in the 20 MW of unsupplied demand of 

buyer 3B  and different LMPs at the three buses. 

 

Figure 7.4: Transmission-constrained market outcomes for the reference case of the three-bus system. 

Over the longer term, either the resource mix or the transmission network or both may be 

changed so as to provide congestion relief. For example, consider the addition of a 200 MW 

generation resource at bus 3. Figure 7.5 shows the market outcomes for this modified system 
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for the same specified hour h with the new seller 3S  offering its output at 35 $/MWh. The 

generation resource addition not only satisfies the same demand as the transmission- 

unconstrained case, but also results in reduced LMPs at buses 2 and 3 compared to the 

transmission-constrained case. The LMP *
1µ  at bus 1 remains unchanged from that of the 

transmission-constrained case.  

 

Figure 7.5: Market outcomes for the modified system with the 200 MW generation resource addition by seller 3S .

An alternative approach to relieve the congestion is to increase the transmission transfer 

capabilities from the generation buses to the load bus. Such increases may be achieved by 

building one or more new transmission lines and/or reconductoring the existing lines. 

Consider, for example, the reconductoring of line (1,3) to result in the increased flow limit of 

350 MW from its reference case value of 300 MW. In turn, this results in the increased 

transfer capabilities from the generation buses to the load bus 3. The market outcomes 

corresponding to this modified network are shown in Figure 7.6. Such a network modification 

results in meeting the full demand of the buyer 3B  and, at the same time, in reducing the 

LMP at bus 3 from that of the reference transmission-constrained case. The LMPs at buses 1 

and 2 remain unchanged. 

It follows that both the generation resource addition and the transmission transfer 
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capability enhancement relieve the transmission grid from the existing congestion for the 

hour h. As such, we may think of the two approaches as being substitutable one for the other 

for the purpose of congestion relief for this hour. 

 

Figure 7.6: Market outcomes for the modified system with the reconductored line (1,3) resulting in the  
increased flow limit of 350 MW. 

To evaluate this substitutability notion, we need to quantify the effects of each 

modification on a consistent basis so as to allow effective comparative analysis. To make the 

quantification possible, we evaluate the effects of the addition of ipG  MW generation 

capacity at node i and also the effects of the increase of a ,m np T  MW transmission transfer 

capability from node m to node n. We neglect the maintenance costs for the increase in the 

transmission transfer capability. The offer price of the new generation is ia  $/MWh. There 

are several metrics commonly used in the literature to measure the effectiveness of a 

congestion relief scheme [6] including :  

• amount of additional demand supplied at a specified bus or in the entire network; 

• the LMP decreases at specified nodes; and, 

• the additional social welfare attained in the market. 

The first two metrics fail to reflect the entire impacts of the modification in the network. 
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More specifically, the metric of additional demand satisfied fails to capture the dimension of 

economic benefits of the additional demand satisfied. The metric of the LMP reduction, on 

the other hand, fails to capture the dimension of the volume of the demands that may benefit 

from the LMP changes. The social welfare increase metric captures both dimensions of 

quantity and the economic benefits and provides a comprehensive measure for the central 

planning role of the IGO. For this reason, we use this metric to quantify the impacts of the 

two modifications. We analyze the substitutability in terms of this metric and term it as the Sh 

–substitutability where the subscript h refers to the specified hour. 

7.2 Platform for the S h – substitutability study 

We apply the congestion management framework presented in Chapter 6 to evaluate the 

impacts of a generation resource addition and those of a transmission transfer capability 

enhancement on the outcomes of the day-ahead markets. The basic idea is to determine the 

change in the market outcomes with a resource addition or with a transmission transfer 

capability enhancement from those in the reference case corresponding to the “as is” system. 

We next walk though the application of the framework of Chapter 6 for this evaluation.  

As the social welfare is determined in the commodity market layer, we start with this 

layer and consider first the reference case for the hour h. We consider the pool players’ 

bids/offers and the bilateral transactions’ transmission requests formulated as discussed in 

Chapter 4. The hGTSP  determines the optimal transmission schedules and the social welfare 

for the hour h. We add the subscript h to indicate explicitly that our focus is the single hour h. 

The statement of the hGTSP  is 
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with  

1 2, , ,
T

Np p p⎡ ⎤⎣ ⎦
W W W Wp  , (7.2)

where  

1 1
, 0, 1, ,

w w

W W
w w

n
w w
m n n n

t t n Np
∋ ∋

= =
= =

− =∑ ∑W    (7.3)

is the net nodal injection corresponding to the set W  of bilateral transactions undertaken. 

We use the identical notation described in section 4.1. In fact, (7.1) - (7.3) is a slight abuse of 

notation since each variable and parameter in the formulation refers to the hour h. The dual 

variables determine the LMPs for the hour h. The optimal value of the objective function is 

( )* * * * * *
0 0, , , ,s b s b

h h p p=S S p p t  , (7.4)

the value of the maximum social welfare attained.  

We next rewrite the scheduling problem for the same hour h for the modified system 

incorporating a generation resource addition. We consider the addition of generation capacity 

ipG  at node i offered at ia  $/MWh. We represent the additional seller12 at node i with the 

offer function ( )s
i i i ip a pβ =G G , 0 i ip p≤ ≤G G . The resulting scheduling problem hGTSPG  

                                                 
12 We assumed a single seller and a single buyer at each node in Chapter 2. To be consistent with that 
assumption, we need to represent the additional resource by modifying the offer function of the seller at node i. 
However, to allow us to evaluate the effect of the resource addition, we relax the single seller assumption and 
represent the resource addition as an additional seller.    



 

 129

for this resource addition is stated as 
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where,  

0 0 1 0 0
Ti

N
i

⎡ ⎤ ∈⎢ ⎥⎣ ⎦
e . (7.6)

All the market outcomes and the corresponding LMPs with the generation capacity addition 

are evaluated using hGTSPG . The maximum social welfare for the generation capacity 

addition modified system is  

( )* ** * * * *
0 0, , , , ,s b s b

h h ip p p=S SG G Gp p t  . (7.7)

 We can analogously perform an evaluation of the impacts of a transmission transfer 

capability enhancement. We consider the modified network incorporating an additional ,m np T  

MW transmission transfer capability from node m to node n. Conceptually, we may view such 

an enhancement to be equivalent to an added bilateral transaction { },, , m nn m pω =T T  in 

exactly the opposite direction to that of the increase in transfer capability with a zero 

willingness to pay for congestion charges. We modify the scheduling problem for this 

transmission transfer capability enhancement and denote it by hGTSP T . We have the 

following statement for hGTSP T : 
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  (7.8)

Note that ω T  is introduced as a fictitious transaction to represent the ,m np T  MW 

enhancement in the transmission transfer capability. As ω T  is not a real transaction, there is 

no contribution to the social welfare. We denote by  

( )* * * * * *
0 0, , , ,s b s b

h h p p=S ST T p p t   (7.9)

the maximum value of social welfare for the modified system with the transmission transfer 

capability enhancement. 

The three different GTSP statements, hGTSP  of the reference system in (7.1) - (7.3), 

hGTSPG  of the generation resource addition system in (7.5) - (7.6) and hGTSP T  of the 

transmission transfer capability enhancement system in (7.8), constitute the key building 

blocks of the platform for the S h –substitutability analysis. The solutions of the three 

problems in (7.1), (7.5) and (7.8) provide the information used to quantify and compare the 

impacts of the two modifications. The characteristics of the GTSP imply that the optimal 

values satisfy  

h h
∗ ∗≥S SG     and     h h

∗ ∗≥S ST  (7.10)

due to the larger feasible decision regions produced by each modification than that of the 

reference problem. Let  
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0h h h
∗ ∗− ≥V S SG G  (7.11)

represent the increase in the social welfare due to the generation resource addition. The 

generation resource addition ipG  is said to be effective for congestion relief in hour h 

whenever 0h >V G . hV G  is termed the value of the ipG  MW generation resource addition 

at node i for the specified hour h. 

 Analogously, we denote by 

0h h h
∗ ∗− ≥V S ST T  (7.12)

the value of the ,m np T  MW transmission transfer capability enhancement from node m to 

node n in hour h. We consider the transmission transfer capability enhancement to be an 

effective congestion relief tool for hour h whenever 0h >V T . 

The notion of the S h –substitutability for hour h is made more precise by the following 

Definition 7.1: If ipG  and ,m np T  are such that  

0h >V T    and     0h >V G  , (7.13)

we consider the ipG  MW generation capacity addition and the ,m np T  MW transmission 

transfer capability enhancement to be S h –substitutable for the specified hour h.   

 

While we can use other metrics to quantify the substitutability notion for congestion relief 

purposes, we limit our investigation to S h –substitutability. The approach we use is 

generalizable, however, and can be extended with other metrics obtainable from the GTSP 

solutions. Another appropriate alternative metric is the market efficiency loss. 
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7.3 Analysis of S h –substitutability 

With the formal definition of S h –substitutability, we next embark on the study of the 

impacts on the social welfare of a generation capacity addition and those of a transmission 

transfer capability enhancement. We focus first on the analysis of hGTSPG  as stated in (7.5). 

Now, the optimal solution of (7.5) is clearly a function of the parameter ipG , the capacity 

addition under consideration. Our notation of *
hS G  and *

nµ G , 0,1, ,n N= , for the 

optimal social welfare and LMPs, respectively, clearly fails to explicitly represent this 

dependence. We indicate the functional dependence on ipG  by explicitly expressing the 

optimal solution of each decision and dual variable as a function of ipG : 

( ) ( ) ( ) ( ) ( ) ( ) ( )* ** * * * *
0 0

ˆ, , , , ,s b s b
h h i i i i i i i h ip p p p p p p p p p⎡ ⎤= ⎣ ⎦S S SG G G G G G G G G G Gp p t  (7.14)

and 

( )* ˆn n ipµ µ=G G G , 0, 1, ,n N=  . (7.15)

Clearly, ( )ˆ
h ⋅S G  is a nondecreasing function of ipG  since, as ipG  increases, there is 

increased choice of resources for meeting the loads and possibly replacing the supply of 

higher priced resources, i.e., an increase in the value of ipG  corresponds to a larger decision 

space. Note that, for 0ip =G , the hGTSPG  simply reduces to the hGTSP  for the reference 

network. Therefore, 

( )ˆ 0h h
∗=S SG  and  ( ) *ˆ 0n nµ µ=G  . (7.16)

The necessary conditions of optimality for (7.5) establish the following 

Lemma 7.1: The social welfare ( )ˆ
h ⋅S G  satisfies 

( ) ( ){ }
ˆ

ˆ0 ,h i
i i i

i

p
max p a

p
µ

∂
= −

∂

S G G
G G

G  . (7.17)
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Proof: The Lemma is proved by considering two possible outcomes of the optimal solution 

of (7.5) for an arbitrary value p  of ipG  with respect to ia . The two cases considered are 

( )ˆ i ip aµ ≤G  and ( )ˆ i ip aµ >G . We consider an infinitesimal increase 0ε >  in the 

additional generation capacity corresponding to the change in the value of the parameter ipG  

from p  to p ε+ . In the case that the optimal solution is characterized by ( )ˆ i ip aµ ≤G , 

the ε  increase does not impact the social welfare since either none of the ε  capacity is 

utilized or its utilization does not produce an increase in the social welfare. If, on the other 

hand, ( )ˆ i ip aµ >G , then the ε  increase is fully utilized to replace the same amount of 

more expensive generation. Since the LMP ( )ˆ i pµ G  represents the marginal costs to supply 

the last unit of load at node i, the contribution of the additional ε  MW to the social welfare 

is simply the benefits provided by replacing additional ε  MW of higher priced generation 

and are given by ( )ˆ i ip aε µ⎡ ⎤−⎣ ⎦
G . Consequently, the sensitivity of the social welfare with 

respect to ipG  at the point ip p=G  is 

  ( ) ( ) ( ) ( ) ( )
0

ˆ ˆˆ ˆ ˆ, if
0 , otherwise

i i i ih hh

i

p a p ap p
p lim

p ε

µ µε
ε→

⎧ − >+ −∂ ⎪= = ⎨∂ ⎪⎩

S SS G GG GG

G . (7.18)

Since (7.18) holds for any value p  of the parameter ipG , (7.17) follows. 

 

 From the discussion above, it follows that hV G  defined in (7.11) is also a function of 

ipG  and we denote this functional relationship by 

( ) ( )ˆ ˆ
h i h i hp p ∗= −V S SG G G G  . (7.19)

Now,  
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( )ˆ 0 0h =V G  (7.20)

since ( )ˆ 0h h
∗=S SG . It follows from (7.17) that 

( ) ( ) ( ){ }
ˆ ˆ

ˆ0 ,h i h i
i i i

i i

p p
max p a

p p
µ

∂ ∂
= = −

∂ ∂

V SG G G G
G G

G G . (7.21)

Integration of both sides of (7.21) yields 

( ) ( ){ }
0

ˆ ˆ0,ip

h i i ip max a dµ ζ ζ= −∫V
G

G G G  . (7.22)

Then, ( )ˆ
h ⋅V G  is a nondecreasing function of ipG . Equation (7.22) implies that the value of 

the additional generation resource may be evaluated in terms of the LMP at node i as a 

function of ipG . Since for ( )* ˆ 0i i iaµ µ= ≤G , ( )ˆ 0h ip =V G G  as either none of the ipG  

additional capacity is utilized or its utilization does not produce an increase in the social 

welfare, we assume ( )* ˆ 0i i iaµ µ= >G  holds in the following discussion. Using the duality 

theorem and the Kuhn-Tucker conditions [86, p. 314] of the GTSP, we can prove the 

following : 

Lemma 7.2: Assuming ( )* ˆ 0i i iaµ µ= >G , then, the function ( )ˆ iµ ⋅G  has the 

following characteristics : 

• ( )ˆ iµ ⋅G  is a nonincreasing function of ipG ; 

• ( )ˆ i i ip aµ ≥G G  , 0ip∀ ≥G ; and, 

• there exists some value 0p >  such that ( )ˆ i i ip aµ =G G , ip p∀ ≥G . 

 

The proof of this lemma is given in Appendix B.  

It is useful to interpret the Lemma 7.2 results in economic terms. The LMP at node i 

indicates the marginal costs to supply an additional unit of demand at node i. Clearly, the 

addition of generation capacity at node i does not increase the marginal costs. In fact, if the 
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LMP *
iµ  at node i of the reference system is greater than ia , the addition of ipG  reduces 

the LMP from *
iµ  to ( )ˆ i i ip aµ =G G , if ipG  is sufficiently large. However, the addition of 

ip G  cannot reduce the LMP at node i below ia  since, once ip G  reaches the value p  such 

that ( )ˆ i ip aµ =G , increasing ip G  to a value larger than p  does not change the LMP at 

node i. Considering the relationship in (7.22), the implication is that a generation resource 

addition with capacity ip p>G  cannot offer more improvement to the social welfare than 

that with capacity p .  

Figure 7.7 shows an example of the shape of a function ( )ˆ iµ ⋅G  as the ip G  value 

changes. For a given value ip p=G , the shaded area in this figure represents the value 

( )ˆ
h pV G  of the ip p=G  generation capacity addition, as given by (7.22).  

 

Figure 7.7: LMP and the social welfare changes due to the additional generation resource. 

 Equation (7.22) and Lemma 7.2 implies that ( )ˆ
h ⋅V G  is a nondecreasing concave 

function of ipG . We derive an upper bound and a lower bound for this function.   

Theorem 7.1: Assuming ( )* ˆ 0i i iaµ µ= >G , then, the function ( )ˆ
h ⋅V G  of ip G  

satisfies 

( ) ( )ˆˆ0 i i h i i ip p a p p aµ µ ∗⎡ ⎤ ⎡ ⎤≤ − ≤ ≤ −⎣ ⎦⎣ ⎦ VG G G G G G
i i i  . (7.23)

 

( )ˆ i pµ G

ia

( )ˆ
h pV G

p p ipG

( )ˆ i ipµ G G

( )* ˆ 0i iµ µ= G

0
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Proof: Lemma 7.2 implies that, since ( )* ˆ 0i i iaµ µ= >G , for an arbitrary value p  of ipG ,  

( ) ( ) ( )ˆ ˆ ˆ 0i i i i ia pµ µ ζ µ µ ∗≤ ≤ ≤ =G G G   for 0 pζ∀ ≤ ≤ . (7.24)

It follows that 

( ) ( )ˆ ˆ0 i i i i i ip a a aµ µ ζ µ ∗≤ − ≤ − ≤ −G G  . (7.25)

Integration with respect to ζ  from 0 to p  yields  

( ) ( )
0

ˆ ˆ
p

i i i i i ip p a a d p aµ µ ζ ζ µ ∗⎡ ⎤ ⎡ ⎤ ⎡ ⎤− ≤ − ≤ −⎣ ⎦⎣ ⎦ ⎣ ⎦∫G G  . (7.26)

Since (7.26) holds for arbitrary p , using (7.22) and (7.24), we can rewrite the integral in 

(7.26) as ( )ˆ
h ipV G G  and so we have the desired result. 

 

We combine together Theorem 7.1 and the results discussed above into the following  

Theorem 7.2: For a given value p  of ip G , ( )ˆ 0h p >V G  if and only if there exists 

( ]0, pζ ∈  such that ( )ˆ i iaµ ζ >G . 

 

Proof: We consider first that there exists ( ]0, pζ ∈  such that ( )ˆ i iaµ ζ >G . Therefore, 

(7.23) provides a lower bound of ( )ˆ 0i iaζ µ ζ⎡ ⎤− >⎣ ⎦
G  for ( )ˆ

h ζV G . Due to the 

nondecreasing nature of ( )ˆ
h ⋅V G , ( ) ( )ˆ ˆ 0h hp ζ≥ >V VG G . To prove the opposite direction 

of the theorem, we start with ( )ˆ 0h p >V G  for the given p . Next, we assume 

( )ˆ i iaµ ζ ≤G  for all ( ]0, pζ ∈ . Then, (7.22) implies that 

( ) ( ){ }
0

ˆ ˆ0 , 0
p

h i ip max a dµ ζ ζ= − =∫V G G . (7.27)

However, (7.29) contradicts the assumption that ( )ˆ 0h p >V G . This completes the proof. 

  

Theorem 7.2 provides the necessary and sufficient condition for the additional generation 
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capacity to provide congestion relief. However, the determination of ( )ˆ iµ ζG  requires the 

solution of the hGTSPG  with ip ζ=G . Considering the N candidate nodes for the generation 

resource addition, such a solution is impractical. Fortunately, however, since the bid/offer and 

willingness to pay functions are assumed to be continuous as discussed in Chapters 2 and 4, 

respectively, ( )ˆ iµ ⋅G  is, therefore, a continuous function of ip G . Hence, *
i iaµ >  implies 

( )ˆ i iaµ ζ >G  for some small ζ . Consequently, we may relax the range of ζ  in Theorem 

7.2 to include 0. In other words, ( )* ˆ 0i i iaµ µ= >G  is also a sufficient condition for 

( )ˆ 0h p >V G  in this case. Note that, *
iµ  is the LMP at node i determined in the hGTSP  of 

the reference system and ia  is a given parameter. Consequently, the usefulness of a 

generation resource addition at a particular node is judged by examining the reference system 

LMP only. 

We consider next the contributions of the ,m np T  MW transmission transfer capability 

enhancement from node m to node n to the social welfare. We use an analogous development 

to that used for a generation resource addition to study the properties of the hGTSP T  

solutions and to represent them as the function of the parameter ,m np T . In particular, we 

denote by 

( ) ( ) ( ) ( ) ( ) ( )* * * * * *
0 , 0 , , , , ,

ˆ, , , ,s b s b
h h m n m n m n m n m n h m np p p p p p p p⎡ ⎤= ⎣ ⎦S S ST T T T T T T T Tp p t  (7.28)

and by 

( )*
,ˆn n m npµ µ=T T T , 0,1, ,n N=  . (7.29)

Now, ( )ˆ
h ⋅S T  is a nondecreasing function of ,m np T  since an increase in the value of ,m np T  

corresponds to a larger decision space for the hGTSP T . Also, for , 0m np =T , the hGTSP T  

reduces simply to the hGTSP  so that  



 

 138

( ) *ˆ 0h h=S ST  (7.30)

and 

( ) *ˆ 0k kµ µ=T  ,  k∀ ∈ N . (7.31)

The value hV T  of the transmission transfer capability enhancement is also a function of 

,m np T  and we denote this functional relationship by 

( ) ( ), ,
ˆ ˆ

h m n h m n hp p ∗= −V S ST T T T  . (7.32)

Using arguments along the lines we used in the derivation of Lemma 7.1 and the relationship 

in (7.21), we can show that 

( ) ( ) ( ) ( ){ }, ,
, ,

, ,

ˆ ˆ
ˆ ˆ0 ,h m n h m n

n m n m m n
m n m n

p p
max p p

p p
µ µ

∂ ∂
= = −

∂ ∂

V ST T T T
T T T T

T T   (7.33)

and 

( ) ( ) ( ){ },

, 0
ˆ ˆ ˆ0,m np

h m n n mp max dµ ζ µ ζ ζ= −∫V
T

T T T T  (7.34)

hold. Equation (7.34) indicates that the impact of the transmission transfer capability 

enhancement on the social welfare may be evaluated by studying the LMPs at the nodes m 

and n. Also, if ( ) ( )* *ˆ ˆ0 0n n m mµ µ µ µ= ≤ =T T , then ( ),
ˆ 0h m np =V T T  since either none of the 

,m np T  transfer capability is utilized or its utilization does not produce an increase in the social 

welfare. Therefore, we assume henceforth that * *
n mµ µ>  holds. Using the duality theorem 

and the Kuhn-Tucker conditions [86, p. 314] of the hGTSP T , we can derive the following  

Lemma 7.3: Assuming ( ) ( )* *ˆ ˆ0 0n n m mµ µ µ µ= > =T T , then, the functions ( )ˆ mµ ⋅T  and 

( )ˆ nµ ⋅T  have the following characteristics 

• ( ) ( )ˆ ˆn mµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  is a nonincreasing function of ,m np T ; 

• ( ) ( ), ,ˆ ˆn m n m m np pµ µ≥T T T T , , 0m np∀ ≥T ; and, 

• there exists some value  0p >  such that ( ) ( ), ,ˆ ˆn m n m m np pµ µ=T T T T , ,m np p∀ ≥T . 
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The proof of this lemma is analogous to that of the Lemma 7.2 and is, therefore, omitted.  

We interpret the Lemma 7.3 results in economic terms. As the amount of the transfer 

capability enhancement ,m np T  increases, more choice on the use of generation resources to 

meet the demand at node n exists. Such an increase cannot increase the LMP at node n which 

is the marginal costs to supply an additional unit of demand at node n. On the other hand, the 

increased transmission transfer capability provides a larger set of loads that may be supplied 

by the seller at node m and, consequently, may lead to a higher LMP at node m. The LMP 

difference ( ) ( )ˆ ˆn mµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  is, therefore, a nonincreasing function of ,m np T . In fact, if the 

LMP *
nµ  at node n of the reference system is greater than that at node m, we can always 

make the LMP at these two nodes equal by a sufficiently large enhancement of the transfer 

capability from node m to node n. However, such enhancement cannot result in 

( ) ( )ˆ ˆn mµ µ⋅ < ⋅T T  since, once ( ) ( )ˆ ˆn mµ µ⋅ = ⋅T T , any additional increase in the transfer 

capability from node m to node n has no impact on the LMP difference between the two 

nodes. This property implies that a transmission transfer capability enhancement ,m np p>T  

cannot offer more improvement to the social welfare than that in the amount p .  

Figure 7.8 shows an example of the shapes of functions ( )ˆ nµ ⋅T  and ( )ˆ mµ ⋅T  as the ,m np T  

value changes. For a specified value ,m np p=T , the shaded area in this figure represents the  

 

Figure 7.8: LMP changes due to the transmission transfer capability enhancement. 

( )ˆ nµ ⋅T

( )ˆ
h pV T

p

( )* ˆ 0n nµ µ= T

0

( )* ˆ 0m mµ µ=T T ( )ˆ mµ ⋅T

,m np Tp
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value ( )ˆ
h pV T  of the p  MW transfer capability enhancement as stated in (7.34). Equation 

(7.34) and Lemma 7.3 implies that ( )ˆ
h ⋅V T  is a nondecreasing concave function of ,m np T . 

We may derive an upper bound and a lower bound for this function. 

Theorem 7.3: Assume * *
n mµ µ> , then, the function ( )ˆ

h ⋅V T  of ,m np T  satisfies 

( ) ( ) ( ) * *
, , , , ,

ˆˆ ˆm n n m n m m n h m n m n n mp p p p pµ µ µ µ⎡ ⎤ ⎡ ⎤− ≤ ≤ −⎣ ⎦⎣ ⎦ VT T T T T T T T . (7.35)

 

The proof of this theorem is along the lines used in proving Theorem 7.1 and is not given 

here. We combine Theorem 7.3 and the results of the discussion leading to that theorem into 

the following  

Theorem 7.4: For a given value p  of ,m np T  ,  

( )ˆ 0h p >V T . (7.36)

if and only if there exists ( ]0, pζ ∈  such that ( ) ( )ˆm nµ ζ µ ζ<T T . 

 

The proof of this theorem is analogous to that of Theorem 7.2 and is also omitted. Theorem 

7.4 gives the necessary and sufficient condition for the transmission transfer capability to 

provide congestion relief. However, the determination of ( )mµ ζT  and ( )nµ ζT  requires the 

solution of the hGTSP T  with ,m np ζ=T . Considering the large possible number of candidate 

node pairs for a transmission transfer capability enhancement, such a solution is impractical. 

Using a similar line of argument as in the discussion following Theorem 7.2, we relax the 

range of ζ  in Theorem 7.4 to include 0 since we have assumed the bid, the offer and the 

willingness to pay functions to be continuous in Chapters 2 and 4. In other words, 
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( ) ( )* *ˆ0 0m m n nµ µ µ µ= < =T T  is also a sufficient condition for ( )ˆ 0h p >V T . Note that, 

*
mµ  and *

nµ  are determined in the hGTSP  of the reference system. Consequently, the 

assessment of the usefulness of a transmission transfer capability enhancement between 

particular node pairs is made simply by examining the reference system LMP differences. 

Theorems 7.2 and 7.4 provide sufficient and necessary conditions of the S h – 

substitutability. A key application of the S h –substitutability notion is in the comparison of 

alternative investment plans, be they of an addition of a generation resource type or a 

transmission transfer capability enhancement nature. The analysis presented in this chapter 

provides the basis for developing a tool for comparative purposes in terms of the contribution 

of a proposed investment to the social welfare. The key challenge is to go from the hourly 

information to the much longer duration associated with the planning horizon and to do so in 

a computationally tractable manner. Such a study is beyond the scope of this thesis. 

7.4 Simulation results 

To investigate the S h –substitutability results, we have carried out an extensive set of 

simulations on a number of test systems to study and compare various cases of generation 

resource addition and transmission transfer capability enhancement. The test systems include 

the IEEE 7-bus, 14-bus, 57-bus and 118-bus test systems. The data used for these test systems 

are given in Appendix C. For each case of network modification on these systems, we 

examine the impacts of the modification, be it a generation capacity addition or a 

transmission transfer capability enhancement, on the outcomes of the electricity markets. The 

study of the relationship between the reference system LMPs and the increase in the social 
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welfare attained by each modification is the focus of the investigation. We present a set of 

representative results from the various simulations.  

We begin by discussing the impacts of a generation capacity addition in the various test 

systems. For each system, we consider an addition of a generation capacity at a specified 

node and examine sensitivity cases by varying the MW amount and the offer price ia  of this 

capacity. We repeat such an investigation at different nodes of each system. All the studies 

focus on the specified hour h. Representative plots of the behavior of the nodal LMP 

functions ( )ˆ iµ ⋅G  and the value function ( )ˆ
h ⋅V G  are presented for the IEEE 7-bus system in 

Figures 7.9 - 7.11. For these plots, the offer price of the capacity addition is held constant at 

the value 13ia a= =  $/MWh for each node i of the network. 
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Figure 7.9: Behavior of the LMP function ( )ˆ iµ ⋅G  as ip G  varies for the IEEE 7-bus system 

The plots in Figure 7.9 show the behavior of the LMP functions ( )ˆ iµ ⋅G  at each node i of 

the network as a function of the added generation capacity ipG . These plots exhibit two types 

of variations depending on the relationship of the LMP *
iµ  of the reference system to the 

offer price ia  of the generation capacity addition. Whenever * 13iµ > , ( )ˆ iµ ⋅G  has a 

( )ˆ iµ ⋅G

ip G

13a =
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monotonically nonincreasing behavior. For ipG  above a certain value, ( )ˆ i ipµ G G  reduces to 

a  = 13 and remains unchanged. On the other hand, if ( )* ˆ 0 13i iµ µ= ≤G  such as for the 

node i = 0, then, the LMP function ( )ˆ iµ ⋅G  remains constant as ipG  varies. This observed 

behavior verifies the results of Lemma 7.2. 

A generation capacity addition at a node i not only impacts the LMP at the node i, but 

may also cause changes in the LMPs at other nodes. Such changes, however, depend on the 

network topology and parameters as well as the bids/offers and transmission requests in the 

hour h market. We did not analytically characterize the behavior of such changes and, from 

the numerical results, no clear patterns are discernible. For example, Figure 7.10 shows the 

behavior of the LMPs at each node n of the network for a generation capacity addition at 

node i = 1 in the IEEE 7-bus network. For the case discussed here, the LMPs at nodes 1 and 3 

decrease while the LMP at node 0 increases as 1pG  increases. 
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Figure 7.10: Behavior of the LMP functions ( )ˆ nµ ⋅G  at each network node n as a function of the generation 

capacity addition 1pG  at node i = 1 for the IEEE 7-bus system. 

Figure 7.11 shows the typical behavior of the value function ( )ˆ
h ⋅V G  as ipG  varies as 

*
nµ G

1 ( )p MWG
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exemplified by the IEEE 7-bus network with i = 1. ( )ˆ
h ⋅V G  is a nondecreasing function of 

1pG  with a slope that decreases as 1pG  increases. The social welfare reaches its maximum 

when 1 1000p MW=G  and remains unchanged thereafter. Such a monotonic nature in the 

( )ˆ
h ⋅V G  functions is exhibited in all the cases studied.  
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Figure 7.11: Behavior of the value function ( )ˆ
h ⋅V G  as 1p G  varies for the IEEE 7-bus system. 

We next examine the value of a generation resource addition at a node i as a function of 

the per MWh offer price ia . We fix the MW amount of a generation capacity addition at ipG  

= 600 MW and vary the per MWh offer price ia  from 10 $/MWh to a value that is above the 

maximum marginal bid price of the pool buyers. We evaluate the value hV G  of a generation 

addition as a function of ia . Figure 7.12 displays a representative result obtained on the 

IEEE 14 - bus test system in which the 600 MW generation capacity is installed at node 3 and 

its offer price 3a  varies from 10 $/MWh to 70 $/MWh. As the offer price 3a  increases, the 

improvement in the social welfare decreases. Once 3a  exceeds the reference system LMP of 

*
3 48.6µ =  $/MWh, there is no value to the generation capacity addition. Such behavior is 

representative of all the results obtained on the various test systems. 

1p G

( )ˆ
h ⋅V G
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Figure 7.12: Behavior of the value hV G  of the generation resource addition as the offer price 3a  varies for the 

IEEE 14-bus system. 

 A logical question is the selection of the node where a generation capacity addition is 

made. We study the relationship between the value of the generation resource addition and 

the reference system LMP of the node i at which the new resource is located. We consider a 

generation resource with capacity 400ip MW=G  and the offer price of 

34ia a $/ MWh= = . We compare the resulting social welfare increase of the specified hour 

h for addition of this generation resource at various nodes i. Figure 7.13 shows a 

representative scatter plot obtained for the IEEE 118-bus system to determine a relationship 

between hV G  and the difference between the reference system LMP *
iµ  at the node i where 

the generation resource addition is installed and the constant offer price 34ia a= = . The 

scatter plot clearly shows that the higher the reference system LMP, the larger the 

contribution of the generation capacity addition to the change in the social welfare and so the 

larger the value hV G . Such a pattern is observed in all the test cases we have studied on the 

various systems. We also observe in Figure 7.13 an upper bound of hV G  that equals 

( )* 34i ip µ −G  as indicated by the broken line. Such a study provides strong support for the 

3 ( / )a $ MWh

( )ˆ 600h ip =V G G

*
3 48.6µ =
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analytical results presented in Theorem 7.1 and the discussions that led to that theorem. 
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Figure 7.13: Relationship between ( )ˆ

h ipV G G  and ( )* 34iµ −  for the simulations on the IEEE 118-bus system.

We move on to discuss the simulation results for investigating the impacts of a 

transmission transfer capability enhancement on the hour h market outcomes. For each test 

system, we consider the value of an increase of the transmission transfer capability for a 

specified from and to node pair and examine sensitivity cases by varying the MW amount of 

the enhancement. We repeat such simulations for different from and to node pairs in different 

systems. As in the generation addition studies, the focus is on the specified hour h. 

Representative plots of the behavior of the nodal LMP difference functions 

( ) ( )ˆ ˆn mµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  and the value function ( )ˆ

h ⋅V T  are given for the IEEE 7-bus system in 

Figures 7.14 – 7.16 in which the transmission transfer capability is added from node m = 0 to 

node n = 6.  

The plot in Figure 7.14 shows the behavior of the LMP difference ( ) ( )ˆ ˆn mµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  as 

a function of the transfer capability enhancement ,m np T . The plot exhibits the expected 

monotonically nonincreasing behavior of the function ( ) ( )ˆ ˆn mµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  as the value of 

( )ˆ 400h ip =V G G

* 34iµ −
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,m np T  grows. Above the value ,m np T  = 370 MW, this difference vanishes for this test system. 

As such, in this system, any enhancement exceeding 370 MW has no additional value for 

each MW above 370. Such behavior is typical in all the cases we have studied in all the test 

systems and is in accordance with the analytical results given in Lemma 7.3. 
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Figure 7.14: Behavior of the LMP difference ( ) ( )6 0ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  as a function of the transmission transfer 

capability enhancement 0,6p T  for the IEEE 7-bus system. 

The transmission transfer capability enhancement from node m to node n not only 

impacts the LMP difference at the node pair m and n, but also causes changes in the LMP 

differences of other node pairs. However, there is not a discernible pattern for such changes. 

Rather, such changes depend on the network topology and parameters as well as the 

bids/offers and transmission requests in the hour h market. For example, the plots in Figure 

7.15 show the behavior of the LMP differences ( ) ( )ˆ ˆkµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  of various node pairs k 

and  in the IEEE 7-bus network when the transmission transfer capability from node 0 to 

node 6 is enhanced. In this example, the LMP difference ( ) ( )0 2ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  between node 0 

and node 2 increases from a negative value to a positive value, indicating the decreasing 

( ) ( )6 0ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T

0,6p T



 

 148

available transfer capability 2,0ATC  from node 2 to node 0. On the other hand, the LMP 

differences ( ) ( )1 0ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T , ( ) ( )5 2ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦

T T , ( ) ( )4 2ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  and 

( ) ( )3 2ˆ ˆµ µ⎡ ⎤⋅ − ⋅⎣ ⎦
T T  decreases as 0,6p T  grows. 
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Figure 7.15: Behavior of the LMP differences ( ) ( )ˆ ˆkµ µ⎡ ⎤⋅ − ⋅⎣ ⎦

T T  of various node pairs k  and  as a function 

of the transmission transfer capability enhancement 0,6p T  in the IEEE 7-bus system. 

A typical plot of the value function ( )ˆ
h ⋅V T  as ,m np T  varies is given in Figure 7.16. 

( )ˆ
h ⋅V T  is a monotonically nondecreasing function. It reaches its maximum when 

0,6 370p MW=T  and remains unchanged for all values above 370 MW in the IEEE 7-bus  
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Figure 7.16: Behavior of the value function ( )ˆ
h ⋅V T when the transmission transfer capability enhancement 

0,6p T  varies for the IEEE 7-bus system. 
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system. Such monotonic behavior of the ( )ˆ
h ⋅V T  function is exhibited in all the cases 

investigated. 

We also study the relationship of the value function ( )ˆ
h ⋅V T  of the transmission transfer 

capability enhancement and the reference system LMP difference * *
n mµ µ−  between the to 

and from node pair of the enhancement. We set , 225m np MW=T  and compare the changes 

in the social welfare when such enhancement is undertaken between different node pairs m 

and n. Figure 7.17 shows a representative scatter plot of a relationship of ( ),
ˆ

h m npV T T  to the 

LMP difference ( )* *
n mµ µ−  of the reference system of hour h obtained for the IEEE 57-bus 

network. A clear pattern is observed in this scatter diagram that, for this network for the 

specified hour h, an enhancement of the transfer capability for a node pair with higher LMP 

difference results in a larger increase in the social welfare. Such a pattern is observed in all 

the test cases we have studied on the various systems. We also observe in Figure 7.17 an 

upper limit for ( )ˆ
h ⋅TV  that equals ( )* *

,m n n mp µ µ−T  as indicated by the broken line in the  
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Figure 7.17: Relationship between ( ),
ˆ

h m npV T T  and the LMP differences * *
n mµ µ−  for the 57-bus system 

diagram. This observation substantiates the analytical results given in Theorem 7.3 and the 

* *
n mµ µ−

( ),
ˆ

h m npV T T
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discussions that lead to the theorem. 

Comparison between Figures 7.9 – 7.13 and Figures 7.14 – 7.17 shows the similar 

impacts of a generation capacity addition and a transmission transfer capability enhancement 

on the outcomes of the hour h market. The substitutability analysis, therefore, provides an 

effective tool for assessing the relative impacts of investments on a consistent basis. The 

representative results discussed here provide strong evidence for the usefulness of such a tool.  

7.5 Summary 

In this chapter, we applied the congestion analysis framework presented in Chapter 6 to 

study the substitutability between a generation resource addition and a transmission transfer 

capability enhancement for congestion relief purposes. We represented the generation 

resource addition and transfer capability enhancement by changes in the inputs of the GTSP 

and studied the substitutability by comparing the resulting market outcomes. We used the 

change in the social welfare as the metric to measure the overall impacts of the two types of 

modifications and compared them on a consistent basis. Our results indicate that a generation 

resource addition and a transmission transfer capability enhancement, when appropriately 

used, may both relieve transmission congestion. The notion of substitutability is very useful 

in evaluating their effectiveness relative to one another. 
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8   CONCLUSIONS 

In this chapter, we summarize the work presented in this report and discuss some 

problems that are logical extensions of the reported research results and some possible 

directions for future research.  

8.1 Summary 

In this report, we present an analytical framework for the study of transmission 

congestion and the analysis and design of effective congestion management schemes. This 

framework captures the basic characteristics of the physical transmission network, the 

commodity market and the FTR financial market as well as their interactions to provide a 

comprehensive representation for the study of congestion issues. The framework is modular 

in structure, consisting of three interconnected layers – the physical network layer, the 

commodity market layer and the financial market layer. The physical network layer is used to 

represent the model of the transmission network including the topology and parameters of the 

grid, the power flow equations and the transmission constraints under both the base case and 

the set of postulated contingency cases. The modeling in this layer makes extensive use of the 

distribution factors – ISFs and PTDFs. The commodity market layer embeds the model of the 

day-ahead electricity market including the transmission requests of the bilateral transactions. 

The submitted offers and bids of the pool players and the transmission requests of the 

bilateral transactions may result in congestion situations. The impacts of transmission 

congestion on the market outcomes are quantified in terms of the social welfare, the market 
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efficiency loss, the merchandising surplus and the congestion rents metrics. The financial 

market layer represents the FTR holding patterns and the FTR financial markets. The FTR 

payoff function is analyzed and a new FTR payoff parity notion is introduced. This layer also 

includes a model of the FTR issuance market. The three layers are interconnected by the 

appropriately designed information flows to represent the interactive relationships between 

the layers. The models and the information flows introduced in the framework 

comprehensively represent the scope of issues of interest in congestion management. 

An important tool used in the construction of the framework is the GTSP for 

simultaneously scheduling transmission services to pool players and bilateral transactions. 

The GTSP solution allows the IGO to determine the nondiscriminatory provision of 

transmission services to both the pool players and the bilateral transactions. The GTSP 

requires explicit information flows between the commodity market layer and the physical 

network layer. One noteworthy aspect of the GTSP formulation is that it represents the 

contributions to the social welfare of the bilateral transactions and thereby allows the more 

realistic measurement of the social welfare and market efficiency loss than existing TSP tools 

can provide. Furthermore, the GTSP solutions provide more realistic LMPs and, 

consequently, LMP differences for the determination of the congestion charges and the FTR 

payoffs. Our extensive testing on a number of systems provides persuasive support for the 

improvements in market efficiency of the solutions obtained from the GTSP tool, particularly, 

in cases where a significant portion of total load is served by bilateral transactions.  

We illustrate the capability of the proposed framework by discussing in detail three 

important applications – FTR markets, extension for longer time duration and substitutability. 
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We explore the conditions for the assurance of the IGO revenue adequacy in FTR markets. In 

addition, we apply the FTR payoff parity notion to enhance FTR liquidity by establishing a 

workable basis for liquid secondary FTR markets. The use of the extended framework in time 

to study issues related to market decisions over longer duration periods is a useful application 

for investigations associated with redesign and investment issues. Another important 

application of the framework is the investigation of substitutability of a generation capacity 

addition and a transmission transfer capability enhancement for congestion relief purposes. 

We represent these two modifications as changes in the GTSP inputs and derive the upper 

and lower bounds for the resulting improvement in the social welfare. We derive criteria for 

the substitutability as a function of the LMPs of the reference case only. We illustrate the 

analytical results with simulations on a range of test systems.  

The three-layer framework with the various models and interactions between the layers 

constitute a solid mathematical basis for the study of transmission congestion. The analytical 

and simulation results presented in the construction and applications of the framework 

provide useful insights into the variety of issues that arise in the study of LMP-based 

congestion management. 

8.2 Future research 

The framework developed in this report provides a good starting point for the study of 

additional issues in the congestion management arena. There are a number of possible 

extensions. 

In the implementation of the framework, we adopt the lossless DC power flow 
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assumptions and, for simplicity, we take into account only the base case conditions. 

However, the consideration of losses and contingency cases is important in actual markets 

because losses and contingencies may impact the market outcomes and the behaviors of the 

market players and of the bilateral transactions. The incorporation of these effects is, 

therefore, an important extension of the reported work. Conceptually, we can extend the 

models in the framework to include losses, nonlinear effects and the set of postulated 

contingencies by using the nonlinear AC power flow formulation. The challenge is the 

efficient handling of intense computational demands in terms of complexity and speed in the 

AC power flow model. The issue to address is how to attain computational tractability for 

market applications without sacrificing too much of the detail in the modeling.  

A topic of intense interest is transmission investment in competitive electricity markets. 

The proposed framework provides a basis for the study of investment issues such as 

incentives and transmission adequacy. While the substitutability analysis in Chapter 7 sheds 

some light on the application of the proposed framework on the investigation of associated 

issues, a more detailed study is required to translate the short-term economic signals into the 

long-term signals required for investment decisions. In addition, the role of the FTR in these 

transmission investment decisions needs to be carefully investigated. The extension of the 

framework for such purposes is a good topic of future work.  

In this report, deterministic models are used in which the transmission network topology 

and parameters, the bids and offers of the pool players, the transmission requests of the 

bilateral transactions and the FTR bids in the financial markets are deterministic. In some 

applications, such as the FTR pricing and investment planning, however, these parameters are 
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unknown and/or uncertain and so need to be represented as random variables. The 

development of more detailed dynamic stochastic models that explicitly incorporate the 

impacts of the uncertainties on the outcomes of the day-ahead markets is another natural 

extension of the work reported here.  

The pattern of FTR holdings may impact the bidding behavior of the transmission 

customers – pool players and bilateral transactions – in the day-ahead markets. In the 

proposed framework, such impacts are represented by the information flow emanating from 

the financial market layer to the commodity market layer. However, additional modeling and 

associated tools may be useful to investigate the strategic behavior impacts of the 

transmission customers for different FTR holding patterns and the associated impacts on the 

performance of the various markets. Given the widening application of FTR, such studies are 

of major interest. 

Another important extension of the work in this report is the explicit incorporation of 

issues related to the provision of ancillary services. Such services both impact and are 

impacted by congestion. The extension of the framework to include ancillary services is a 

major undertaking. Such a development could, however, enhance the usefulness of the 

extended framework. 

In summary, the nature of the future work is both in extending the breadth and the depth 

of the current work. The framework may be extended to include additional considerations. In 

addition, more detailed representation in the models used would be highly valuable. 
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APPENDIX A : 
ACRONYMS AND NOTATION 

8.3 A.1 Acronyms 

ATC : available transfer capability 
CEMO : centralized electricity market operator 
CVF : commercially valuable flowgate 
FGR : flowgate rights 
FTO : option type FTR 
FTR : financial transmission rights 
GTSP : generalized transmission scheduling problem 
IGO : independent grid operator 
ISF : injection shift factor 
ISO : independent system operator 
LMP : locational marginal price 
MCP : market clearing price 
OPF : optimal power flow 
PTDF : power transfer distribution factor 
SFT : simultaneous feasibility test 
TCP : transmission constrained problem 
TLR : transmission loading relief 
TSP : transmission scheduling problem 
TUP : transmission unconstrained problem 
   

8.4 A.2 Notation 

The following are the key aspects of the notation used: 
• all variables are in italics 
• all vectors and matrices are in bold and underlined 
• the superscript * refers to the optimal solution 
• the superscript s refers to a seller 
• the superscript b refers to a buyer 
• the superscript  G  refers to the outcomes with a generation resource addition 
• the superscript  T  refers to the outcomes with a transmission transfer capability 

enhancement 
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N  : set of nodes in the network 
L  : set of lines in the network 
L  : set of congested lines in the GTSP 
L  : set of lines whose constraints are binding in the SFT 
L̂  : set of lines whose constraints are binding in the SFT with GTSP PTDFs 
C  : index set of system conditions 
W  : set of bilateral transactions 
Ω  : set of issued FTR 
Ω  : tentative FTR set send to the physical layer for feasibility check 
Ω̂  : set of FTR resulting from the FTR issuance and the secondary markets 
A  : reduced branch-to-node incidence matrix 
B  : reduced nodal susceptance matrix 

dB  : diagonal branch susceptance matrix 
G  : reduced nodal conductance matrix 

dG  : diagonal branch conductance matrix 
Ψ  : ISF matrix 

( )⋅L  : Lagrangian  
( ),i j=  : line  with the flow direction from node i to node j 

g  : serial conductance of line  
b   serial susceptance of line  
f  : the real power flow on line  

maxf  : maximum flow allowed through the line  

np  : net real power injection at node n 

nq  : net reactive power injection at node n 

nθ  : voltage phase angle at node n 

nV  : voltage magnitude at node n 

nψ  : ISF of the line  with respect to node n 
wϕ  : PTDF of the line  with respect to the transaction wω   
b
np  : purchase amount of the buyer at node n 
s
np  : sale amount of the seller at node n 

npW  : real power injection at node n due to the bilateral transactions 
( )s

nβ ⋅   : offer function of the seller at node n 
( )b

nβ ⋅  : bid function of the buyer at node n 
*µ  : uniform MCP of the transmission unconstrained market 
*
nµ  : LMP at node n 
*λ  : marginal value of line  capacity 
( )⋅C  : seller cost function 
( )⋅B  : buyer benefit function 
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wω  : bilateral transaction from node wm  to node wn  with quantity wt  
wt  : desired transaction amount of the transaction wω  

( )wα ⋅  : willingness to pay of the transaction wω  
wξ  : congestion charges assessed from the transaction wω  
wπ  : net profits of the transaction wω  

Γ   : FTR from node m  to node n  with quantity γ  and premium ρ  
E  : upper bound on the FTR issuance quantity errors 
χ  : payoff of the FTR Γ  

totalχ  : total FTR payoffs 

kω  : fictitious transaction associated with the FTR kΓ  

kγ  : desired FTR quantity 

kρ  : FTR bidding price 

ipG  : generation capacity addition 

,m np T  : transmission transfer capability enhancement 

ia  : offer price of new generation capacity 

nν  : futures price of energy at node n 
ε  : absolute value of relative error 
S : social welfare 
S  : social welfare of the pool market 
E  : market efficiency loss 
K  : merchandising surplus 

totalξ  : congestion rents 

h
GV  : value of the generation resource addition 

h
TV  : value of the transmission transfer capability enhancement 
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APPENDIX B : 
PROOFS OF THEOREMS AND PROPOSITIONS 

8.5 B.1 Theorem 4.1 

If the LMP difference between the node pair wn  and wm  is independent of the 

willingness to pay of the transaction wω  as expressed by ( )w wtα , then, a rational 

decision maker responsible for requesting transmission service for the transaction wω  

maximizes its net profits by setting 

( ) ( ) ( )w w w wt t tα = −B C   ,  0,w wt t⎡ ⎤∀ ∈ ⎣ ⎦  .  

 

Proof: We define the function 

( ) ( ) ( ) , 0,w w w w wt t t t t⎡ ⎤− ∈ ⎣ ⎦R B C  . (B.1)

The function ( )⋅R  is nonnegative since ( ) ( )w wt t≥B C , 0,w wt t⎡ ⎤∀ ∈ ⎣ ⎦ . Moreover, 

( )⋅R  is concave and differentiable since ( )⋅B  is concave, ( )⋅C  is convex and both 

( )⋅B  and ( )⋅C  are differentiable. The net profits wπ  of the transaction wω  in the 

amount *wt , * 0 ,w wt t⎡ ⎤∈ ⎣ ⎦ , are given by 

( ) ( )* * *
w w

w w w
n m

t tπ µ µ= − −R  , (B.2)

where, the LMPs at the nodes wn  and wm  are *
wn

µ  and *
wm

µ , respectively. At the GTSP 

optimum, the values of *
wn

µ , *
wm

µ  and *wt  depend on ( )wα ⋅ . We indicate this 

dependence by using the notation ( )*
w

w
n

µ α , ( )*
w

w
m

µ α  and ( )*w wt α  and omit the 

functional brackets in writing ( )wα ⋅  to simplify the notation. Under the assumption that 

* *( )w wn m
µ µ−  is independent of ( )wα ⋅ , the net profits of the transaction w are expressed as 
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( ) ( ) ( )* * * *
w w

w w w w w
n m

t tπ α µ µ α⎡ ⎤= − −⎣ ⎦R  . (B.3)

The bilateral transaction selects its willingness-to-pay function ( )wα ⋅  so as to maximize its 

profits wπ . 

To explore the behavior of ( )*wt ⋅  as a function of wα , we apply the Lagrangian 

relaxation approach [89] to the GTSP in (4.10). Since the objective function is concave and 

the set of feasible solutions is compact, the optimal solution of (4.10) is identical to the 

optimal solution of the following dual optimization problem [86, p. 325] 

( )
( ) ( ) ( )

( ) ( )

( )

0 0 0 0 1

0 0 0 0 0

, , , , , , ,

,

s b s b

N W
b b s s w w
n n n n

n w

max s b
b

T s b

p p
min max p p t

p p p

Τ Τ

µ Ξ
β β α

µ

= =≥ ∈

⎧ ⎡ ⎤− + −⎨ ⎣ ⎦
⎩

− − − + − −

⎫⎪− + − ⎬
⎪⎭

∑ ∑µ λ θ

λ θ µ θ

θ

0 p p t

B A f B p p p

b

W

W  (B.4)

where, 

( ) [ ]{ }0 0, , , , , : , ,s b s bp p p p ΝΞ ∈ ∈0θ θt t t   . (B.5)

We rewrite (B.4) as 

( )
( ) ( ) ( )

( ) ( )

( )

0 0 0 0 1

0 0 0 0

0 0

, , , ,

.

s b s b

N W
b b s s w w
n n n n

n w

max s b s b

T
b

p p
min max p p t

p p pΤ Τ

Τ Τ

µ Ξ
β β α

µ

µ

= =≥ ∈

⎧
⎡ ⎤− + +⎨ ⎣ ⎦

⎩

+ − + + − + −

⎫⎪+ + ⎬
⎪⎭

∑ ∑µ λ θ

λ µ

λ µ θ

0 , , p , p t

f p p p

B A B b

W W

  (B.6)

At the optimum, the complementary slackness conditions [86, p. 314] 

( ) ( )* * *
0 0

T
b

Τ Τ µ+ + = 0λ µB A B b   (B.7)

must hold. The proof of (B.7) is given in Chapter 4. Consequently, at the optimal values 
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* * *
0 , ,µ µ λ  of the dual variables, (B.6) reduces to 

( )
( ) ( ) ( )

( ) ( ) ( )

0 0 0 1

* *
0 0 0 0

, , , ,s b s b

N W
b b s s w w max
n n n n

n w

T s b s b

p p
max p p t

p p p

Τ

Ξ
β β α

µ

= =∈

⎧ ⎡ ⎤− + + +⎨ ⎣ ⎦
⎩

⎫⎪− + + − + ⎬
⎪⎭

∑ ∑ λ

µ

p p t
f

p p pW W   . (B.8)

Due to the absence of coupling between the decision variables t  and the others 

0 0, , , ,s b s bp p⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

tp p  in the objective function in (B.8), the maximization is separable so that we 

may determine the optimum decision variables for each separate component. Thus, we 

determine each *wt  by solving   

( ) ( )* *

[0, ]
w ww w

w w w
n mt t

max t tα µ µ
∈

− −  . (B.9)

That is, 

( ) ( ) ( ){ }* * *

[ 0, ]
w w

w w

w w w w w
n m

t t
t argmax t tα α µ µ

∈
= − −  . (B.10)

We rewrite the profit maximization problem of transaction wω  using (B.10) as  

( ) ( ) ( )* * * *
w w

w w w
n m

max t tπ µ µ
∈

⎡ ⎤= − −⎣ ⎦X
R X X

A
 . (B.11)

where  

( ) ( ){ }: 0, , concave, differentiable and 0 wt⎡ ⎤⋅ → ⋅ ≥⎣ ⎦X XA  (B.12)

is the set of all the candidate willingness-to-pay functions. Since ( )⋅R  is nonnegative, 

concave and differentiable, ( )⋅ ∈R A . We next show using contradiction that ( )⋅R  is 

the optimal solution of (B.11). We assume there exists some ( ) ( ) ( ),′ ′⋅ ∈ ⋅ ≠ ⋅X X RA  

such that  

( ) ( ) ( )* * * *
w w

w w
n m

t tµ µ⎡ ⎤′ ′− − >⎢ ⎥⎣ ⎦
R X X ( )*wt⎡ ⎤⎣ ⎦R R  ( ) ( )* * *

w w
w

n m
tµ µ− − R . (B.13)

Let *( )wt t′ ′≡ X , then 0, wt t′ ⎡ ⎤∈ ⎣ ⎦ , ( )*wt t′ ≠ R  and  

( ) ( )* * *( ) w w
w

n m
t t tµ µ′ ′ ⎡ ⎤− − > ⎣ ⎦R R R  ( ) ( )* * *

w w
w

n m
tµ µ− − R  . (B.14)
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However, (B.10) implies that 

( )*

[ 0, ]w w

w

t t
t argmax

∈
=R ( ) ( ){ }* *

w w
w w

n m
t tµ µ− −R  , (B.15)

which contradicts the inequality in (B.14). This contradiction implies that ( ) ( )′ ⋅ = ⋅X R . 

                     

8.6 B.2 Lemma 7.2 

Assuming ( )* ˆ 0i i iaµ µ= >G , then, the function ( )ˆ iµ ⋅G  has the following 

characteristics: 

• ( )ˆ iµ ⋅G  is a nonincreasing function of ipG ; 

• ( )ˆ i i ip aµ ≥G G  , 0ip∀ ≥G ; and, 

• there exists some value 0p >  such that ( )ˆ i i ip aµ =G G , ip p∀ ≥G . 

 

Proof: The first statement in Lemma 7.2 is proved using the dual of hGTSPG . The 

Lagrangian of the hGTSPG  in (7.5) is 

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0

0 1

0 0 0 0 0

, , , , , , , , , , , , ,

.

s b s b
i i i

N W Tb b s s w w max
n n n n i i b

n w

TT s b s b
i i

T T

i i i i i

p p p

p p t a p

p p p p

p p p

µ ϑ ϑ

β β α

µ θ θ

ϑ ϑ

+ − + −

= =

+ − + −

=

⎡ ⎤− + − − − −⎣ ⎦

− + − − − + − − −

− + − − +

∑ ∑

θ µ λ η η

λ θ

µ

η η

p p t

B A f

b B p p p e

t t t

G G G G G G

G G

G G GW W

G G G G G

L

 (B.16)

A necessary condition of optimality, denoted with all the variables with the superscript *, is : 

* * * 0i i i i
i

a
p

µ ϑ ϑ+ −
∂

= − − + =
∂

G
G

L  , (B.17)

or,  
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** *
i i i iaϑ ϑ µ+ −− = −G  . (B.18)

Also, by the complementary slackness conditions [86, p. 314],  

( )**

**

0

0

i i i

i i

p p

p

ϑ

ϑ

+

−

⎧ − =⎪
⎨
⎪ =⎩

G G

G     . 
(B.19)

There are two possible situations for the *
ipG  value: either * 0ip =G  or * 0ip >G . For 

* 0ip =G , none of the additional generation capacity is utilized so that changes in the value of 

ipG  do not impact the market outcomes, i.e., ( )ˆ i ipµ G G  is constant. On the other hand, if 

* 0ip >G , * 0iϑ − =  so that (B.18) simplifies to 

**
i i iaϑ µ+ = −G  . (B.20)

Then, (B.16) reduces to 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

0 1

0 0 0 0 0

N W Tb b s s w w max
n n n n b

n w

TT s b s b

T T

i i i

p p t

p p p

a p

β β α

µ θ θ

µ

= =

+ −

⎡ ⎤⋅ = − + − − −⎣ ⎦

− + − − − + − −

− + + −

∑ ∑L B A f

b B p p p

t t t

G

G GW W

G G G G

λ θ

µ

η η   . (B.21)

The dual problem of (7.5) is then 

( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

0 00

0 00 0

1 0

, , , ,, , , ,

, , , ,, , , ,
( ) ( )

,

s b s b

s b s b
i

N
b b s s

i i i n n n n
n

W N
w w T s b

n n n n n
w n

T T Tmax
b

p p

p p

min max

min a p min max p p

t p p p

ι

µ

µ µ
µ β β

α µ

−+

− −+ =

= =

+ −

⋅

⎧ ⎡⎪= − + − +⎨ ⎢
⎪ ⎣⎩

− − + − −

⎫⎪⎤− − − + ⎬⎥⎦ ⎪⎭

∑

∑ ∑

L
p p t

p p t

b

B A f t t t

µ λ η η

µ λ η η

θ

λ θ η η

G GG G G

G G GG G G

G G

G W

G G G   (B.22)

where 1 1 1, , , , ,
T

i i Nι µ µ µ µ− − +⎡ ⎤= ⎣ ⎦µ G G G G G . We define  



 

 164
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and rewrite (B.22) as simply a function of iµ G  and ipG  

( ) ( )

( ) ( )
0 00 , , , ,, , , ,

,
s b s b

i
i i

i i i i

p p
min max min p

a p

µ µ
µ

µ µ

−+

⋅ = ϒ

= − + Θ

L
p p tµ λ η ηG G GG G G

G G

G G G  .     (B.24)

We consider two arbitrary values p  and p  of ip G  with p p< . We denote by µ  and 

µ  the solution of (B.24) corresponding to p  and p , respectively. It follows that 

       ( ) ( ), ,p pµ µϒ ≤ ϒ  

and 

       ( ) ( ), ,p pµ µϒ ≤ ϒ   . 

(B.25)

The expansion of (B.25) corresponds to 

( ) ( ) ( ) ( )i ia p a pµ µ µ µ− + Θ ≤ − + Θ  

and 

   ( ) ( ) ( ) ( )i ia p a pµ µ µ µ− + Θ ≤ − + Θ   . 

(B.26)

It follows, then, that  

( ) ( ) ( ) ( )p pµ µ µ µ µ µ− ≤ Θ − Θ ≤ −  . (B.27)

Therefore, 

( ) ( ) 0p pµ µ− − ≤  . (B.28)

But p p<  and so 0p p− >  so that (B.28) holds only if 
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µ µ≥  . (B.29)

Therefore, ( )ˆ iµ ⋅G  is a non-increasing function. This completes the proof of the first 

statement of the Lemma. 

 The second statement that, if ( )* ˆ 0i i iaµ µ= >G , then, ( )ˆ i i ip aµ ≥G G , 0ip∀ ≥G  is 

proved by contradiction. Assume there exists a value 0ip p= >G  such that 

( )ˆ i ip aµ <G  .    (B.30)

That is, the LMP at node i is less than the marginal offer of the additional seller of the 

capacity ip G  at node i. Consequently, the optimal output of this seller is  

( )*ˆ 0ip p =G   . (B.31)

The substitution of (B.31) into the hGTSPG  of (7.5) reduces to the hGTSP  of (7.1). In other 

words, if (B.30) holds, then, 

( ) ( ) *ˆ ˆ 0i i ipµ µ µ= =G G      (B.32)

must hold. Equation (B.32), however, contradicts (B.30) since ( )* ˆ 0i i iaµ µ= >G . Thus, the 

second statement of Lemma 7.2 is proved. 

 The third statement in Lemma 7.2 is that, if ( )* ˆ 0i i iaµ µ= >G , then, there exists some 

value 0p >  such that ( )ˆ i i ip aµ =G G , ip p∀ ≥G . We find the value p by selecting p  

such that it is larger than the summation of all the loads in the system. Then,  

*
ip p<G      (B.33)

holds. Also, since ( )* ˆ 0i i iaµ µ= >G , we must have 

* 0ip >G  .    (B.34)

Combination of (B.33) and (B.34) yields 

( )* 0,ip p∈G  .    (B.35)
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Then, it follows from the properties of the hGTSPG  solution that  

( )ˆ i ip aµ =G   (B.36)

must hold. For an arbitrary ip p≥G , the first two statements in Lemma 7.2 imply that 

( ) ( )ˆ ˆ ˆi i i i ia p p aµ µ≤ ≤ =G G G  , (B.37)

and therefore 

( )ˆ i i ip aµ =G G  . (B.38)

 

8.7 B.3 Analysis of the upper bound E in (6.33) 

We consider the optimization problem (6.7) used by the IGO to determine the FTR 

issuance quantity that maximizes the IGO’s premium income subject to the SFT constraints: 

1

1
. .

0

k

K

k k
k

K
max

k
k

k k

max

s t fω

ρ γ

γ ϕ

γ γ

=

=

⎧
⎪
⎪⎪
⎨ ≤ ∀ ∈⎪
⎪

≤ ≤⎪⎩

∑

∑ L

  . 

(6.7)

The SFT constraints are evaluated with the forecasted PTDFs wϕ  as given in (6.30): 

*

1

K

k
k

γ
=

∑ ,k maxfωϕ ≤ ∀ ∈ L  . (6.30)

We denote by L  the set of lines whose constraints are binding in (6.30) and rewrite the 

binding constraints corresponding to the lines in the set L  as 

* max=D f Lγ   , (B.39)

where, max ∈f L
L  is the vector of the real power flow limits corresponding to the lines in 

the set L  and D  is the corresponding coefficient matrix constructed with the forecasted 

PTDFs wϕ . For cases of interest, we assume D  is not ill-conditioned. In fact, extensive 
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experimentation indicates that this assumption holds for all systems tested. 

However, in the day-ahead hour h market, the more appropriate GTSP PTDFs ˆ wϕ  can 

be used to express the SFT in (6.29): 

*

1

ˆ
K

k
k

γ
=

∑ ˆ ,k maxfωϕ ≤ ∀ ∈ L  . (6.29)

We denote by L̂  the set of lines whose constraints are binding in (6.29). We introduce the 

assumption that the absolute values of the PTDF errors ˆw w wϕ ϕ ϕ∆ = −  are so small 

that the sets of binding constraints in (6.29) and (6.30) are the same, i.e.,   

ˆ=L L  . (B.40)

The reasonableness of this assumption is found to be good in the extensive numerical results 

performed. We rewrite the SFT constraints corresponding to the lines in the set L̂  as 

*
ˆ

ˆ ˆ max=D f Lγ   , (B.41)

where, D̂  is the corresponding coefficient matrix constructed from the PTDFs ˆ wϕ . 

The relative error between the two vectors *γ̂  and *γ  is given by  

* *

*

ˆ

ˆ
γε

−
=

γ γ

γ
 . (B.42)

Since *γ  and *γ̂  satisfy (B.39) and (B.41), the bound on γε  is obtained using the well 

known bounding result [90, pp. 80-84] and so we have  

* *

*

ˆ

ˆ
γε

−
= ≤

γ γ

γ
 ( )

ˆ
ˆ

ˆcond E
−D D

D
D

  , (B.43)

where ( )ˆcond D  refers to the condition number of D̂  [90, p. 82]. For relative PTDF errors 

that are small, i.e., 

ˆ
1

ˆ

k k

k

ω ω

ω

ϕ ϕ
ϕ

−  ,  ,k∀ ∀  . (B.44)
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It follows that 

ˆ−D D  D̂  , (B.45)

It follows that the upper bound E is a small number and so the bound E is tight. 
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APPENDIX C : 
TEST SYSTEM DATA 

In this appendix, we provide the data of the test systems used in the thesis. These 

systems include the IEEE 7-bus, 14-bus, 57-bus and 118-bus systems. 

 

C.1 The IEEE 7- bus system 
 

Table C.1: System data of the IEEE 7-bus network. 
 

line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 

0 1 0.0576 200 
0 2 0.0920 130 
3 1 0.0586 150 
3 2 0.1008 150 
4 3 0.0625 300 
4 5 0.1610 250 
4 6 0.0850 200 
5 2 0.1720 250 
6 5 0.0856 300 

 
 

Table C.2: Pool sellers’ offers of the IEEE 7-bus network. 
 

node n ( )s s
n npβ  ($/h) s

np  (MWh/h) 

0 ( )2

0 00.002 10.2s sp p+  800 

1 ( )2

1 10.003 22.0s sp p+  200 

2 ( )2

2 20.003 15.0s sp p+  720 

3 ( )2

3 30.003 12.5s sp p+  980 

4 ( )2

4 40.0035 17.3s sp p+  900 

6 ( )2

6 60.0035 19.8s sp p+  280 
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Table C.3: Pool buyers’ bids of the IEEE 7-bus network. 

node n ( )b b
n npβ  ($/h) b

np (MWh/h) 

0 ( )2

0 00.0012 18.0b bp p− +  100 

1 ( )2

1 10.0022 30.0b bp p− +  900 

2 ( )2

2 20.0015 28.8b bp p− +  200 

3 ( )2

3 30.0020 29.0b bp p− +  150 

4 ( )2

4 40.0012 22.0b bp p− +  230 

5 ( )2

5 50.0018 25.0b bp p− +  1500 

6 ( )2

6 60.0012 22.0b bp p− +  600 

 
Table C.4: Bilateral transactions’ transmission requests of the IEEE 7-bus network. 

w wm  wn  wt (MWh/h) ( )w wtα  ($/h) 

1 5 0 150 15.0 t  

2 3 6 100 218.0 t  

3 4 1 100 311.0 t  
 

C.2 The IEEE 14-bus system 
Table C.5: System data of the IEEE 14-bus network.  

line ( , )i j=  
i j 

x  
(p.u.) 

maxf  
(MW) 

0 1 0.0592 300 
0 4 0.2230 200 
1 2 0.1980 200 
1 3 0.1763 150 
1 4 0.1739 150 
2 3 0.1710 250 
3 6 0.2091 200 
3 8 0.5562 100 
4 3 0.0421 150 
4 5 0.2520 300 

 
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
5 10 0.1989 230 
5 11 0.2558 130 
5 12 0.1308 130 
6 7 0.1762 240 
6 8 0.1100 130 
8 9 0.0845 300 
8 13 0.2704 150 
10 9 0.1921 130 
11 12 0.1999 230 
12 13 0.3480 340 
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Table C.6: Pool sellers’ offers of the IEEE 14-bus network. 

 

node n ( )s s
n npβ  ($/h) s

np  (MWh/h) 

0 ( )2

0 00.003 21.0s sp p+  550 

1 ( )2

1 10.004 40.0s sp p+  950 

14 ( )2

14 140.006 28.0s sp p+  850 
 

 
Table C.7: Pool buyers’ bids of the IEEE 14-bus network. 

 
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h) 
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h)

1 ( )2

1 10.012 45.0b bp p− +  150 8 ( )2

8 80.018 45.0b bp p− +  250 

2 ( )2

2 20.018 60.0b bp p− +  100 9 ( )2

9 90.020 39.0b bp p− +  250 

3 ( )2

3 30.018 60.0b bp p− +  350 10 ( )2

10 100.018 32.0b bp p− +  310 

4 ( )2

4 40.015 76.0b bp p− +  220 11 ( )2

11 110.010 45.0b bp p− +  100 

5 ( )2

5 50.015 34.0b bp p− +  270 12 ( )2

12 120.015 54.0b bp p− +  250 

7 ( )2

7 70.017 42.0b bp p− +  130 

 

13 ( )2

13 130.022 36.0b bp p− +  100 

 
 

Table C.8: Bilateral transactions’ transmission requests of the IEEE 14-bus network. 
 

w wm  wn  wt (MWh/h) ( )w wtα  ($/h) 

1 0 9 180 1 15.0 t  

2 1 6 130 20.0 2t  

3 1 7 150 24.0 3t  

4 13 3 120 15.0 4t  

5 13 4 100 21.0 5t  
 

C.3 The IEEE 57-bus system 
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Table C.9: System data of the IEEE 57-bus network.  
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
0 1 0.0280 150 
0 14 0.0910 600 
0 15 0.2060 800 
0 16 0.1080 900 
2 1 0.0850 150 
2 3 0.0366 300 
2 14 0.0530 200 
3 17 0.2423 900 
4 3 0.1320 400 
5 3 0.1480 200 
5 4 0.0641 300 
5 6 0.1020 300 
5 7 0.1730 400 
6 28 0.0648 700 
7 8 0.0505 500 
7 6 0.0712 500 
8 9 0.1679 600 
8 10 0.0848 300 
8 11 0.2950 200 
8 12 0.1580 1000 
8 54 0.1205 300 
9 50 0.0712 400 
10 40 0.7490 1000 
10 42 0.1530 1000 
11 9 0.1262 150 
11 12 0.0580 600 
11 15 0.0813 300 
11 16 0.1790 800 
12 13 0.0434 700 
12 10 0.0782 800 
12 48 0.1910 300 
13 45 0.0735 200 
14 12 0.0869 400 
14 13 0.0547 1000 
14 44 0.1042 300 
17 18 0.6850 1000 
18 19 0.4340 1000 
20 19 0.7767 1000 
21 20 0.1170 1000 

 
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
21 22 0.0152 1000 
22 23 0.2560 1000 
23 24 0.6028 1000 
24 29 0.2020 800 
25 23 0.0473 600 
26 25 0.2540 300 
27 26 0.0954 100 
28 27 0.0587 600 
28 51 0.1870 1000 
29 30 0.4970 900 
30 31 0.7550 200 
31 32 0.0360 600 
33 31 0.9530 800 
34 33 0.0780 900 
35 34 0.0537 300 
35 39 0.0466 1000 
36 35 0.0366 700 
36 38 0.0379 100 
37 36 0.1009 400 
37 21 0.0295 1000 
37 47 0.0482 900 
38 56 1.3550 500 
39 55 1.1950 1000 
40 41 0.3520 1000 
40 55 0.5490 1000 
41 55 0.3540 300 
42 40 0.4120 500 
43 37 0.0585 400 
44 43 0.1242 1000 
45 46 0.0680 800 
46 47 0.0233 500 
48 47 0.1290 600 
48 37 0.1770 800 
49 48 0.1280 400 
50 49 0.2200 800 
51 52 0.0984 1000 
53 52 0.2320 1000 
54 53 0.2265 1000 
55 56 0.2600 600 
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Table C.10: Pool sellers’ offers of the IEEE 57-bus network. 
node 

n 
( )s s

n npβ  ($/h) 
s

np  
(MWh/h) 

node 
n 

( )s s
n npβ  ($/h) 

s
np  

(MWh/h)

0 ( )2

0 00.004 25.0s sp p+  1800 7 ( )2

7 70.0035 23.0s sp p+  1500 

1 ( )2

1 10.003 28.0s sp p+  900 8 ( )2

8 80.0045 25.0s sp p+  800 

2 ( )2

2 20.003 24.0s sp p+  1500 11 ( )2

11 110.004 24.5s sp p+  1200 

5 ( )2

5 50.004 25.5s sp p+  1000 

 

20 ( )2

20 200.003 30.0s sp p+  1000 
 

 
Table C.11: Pool buyers’ bids of the IEEE 57-bus network. 

node 
n 

( )b b
n npβ  ($/h) 

b
np  

(MWh/h) 
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h)
0 ( )2

0 00.015 34.0b bp p− +  150 28 ( )2

28 280.018 35.0b bp p− +  200 

1 ( )2

1 10.032 80.0b bp p− +  800 29 ( )2

29 290.020 35.0b bp p− +  280 

2 ( )2

2 20.021 34.0b bp p− +  350 30 ( )2

30 300.018 35.0b bp p− +  230 

4 ( )2

4 40.014 35.0b bp p− +  200 31 ( )2

31 310.020 45.0b bp p− +  180 

5 ( )2

5 50.010 35.0b bp p− +  280 32 ( )2

32 320.020 45.0b bp p− +  200 

7 ( )2

7 70.008 34.0b bp p− +  300 34 ( )2

34 340.018 35.0b bp p− +  250 

8 ( )2

8 80.014 38.0b bp p− +  250 37 ( )2

37 370.018 55.0b bp p− +  250 

9 ( )2

9 90.019 38.0b bp p− +  250 40 ( )2

40 400.018 65.0b bp p− +  190 

11 ( )2

11 110.015 35.0b bp p− +  220 41 ( )2

41 410.018 35.0b bp p− +  320 

12 ( )2

12 120.025 34.0b bp p− +  250 42 ( )2

42 420.020 35.0b bp p− +  350 

13 ( )2

13 130.015 35.0b bp p− +  300 43 ( )2

43 430.018 45.0b bp p− +  170 

14 ( )2

14 140.025 36.0b bp p− +  150 46 ( )2

46 460.015 35.0b bp p− +  100 

15 ( )2

15 150.015 35.0b bp p− +  200 48 ( )2

48 480.018 45.0b bp p− +  200 

16 ( )2

16 160.015 38.0b bp p− +  250 49 ( )2

49 490.018 35.0b bp p− +  250 

17 ( )2

17 170.015 35.0b bp p− +  250 50 ( )2

50 500.018 45.0b bp p− +  260 

18 ( )2

18 180.020 50.0b bp p− +  190 51 ( )2

51 510.020 35.0b bp p− +  250 

19 ( )2

19 190.020 40.0b bp p− +  180 52 ( )2

52 520.018 35.0b bp p− +  310 

22 ( )2

22 220.020 45.0b bp p− +  250 53 ( )2

53 530.020 35.0b bp p− +  100 

24 ( )2

24 240.020 35.0b bp p− +  250 54 ( )2

54 540.025 35.0b bp p− +  650 

26 ( )2

26 260.018 55.0b bp p− +  300 55 ( )2

55 550.018 35.0b bp p− +  90 

27 ( )2

27 270.020 45.0b bp p− +  150 

 

56 ( )2

56 560.018 35.0b bp p− +  100 
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Table C.12: Bilateral transactions’ transmission service requests of the IEEE 57-bus 
network. 

w wm  wn  wt (MWh/h) ( )w wtα  ($/h) 

1 2 23 250 10.0 1t  

2 4 39 200 8.0 2t  

3 27 1 300 5.0 3t  

4 16 45 220 11.0 4t  

5 51 26 380 18.0 5t  

6 54 29 190 10.0 6t  

7 28 32 250 10.0 7t  
 
 

C.4 The IEEE 118- bus system 
Table C.13: System data of the IEEE 118-bus network.  

line ( , )i j=  
i j 

x  
(p.u.) 

maxf  
(MW) 

1 2 0.0999 150 

1 3 0.0424 1000 

2 12 0.0616 1000 

3 5 0.108 1000 

3 12 0.16 300 

4 5 0.008 5000 

4 11 0.0688 1000 

5 6 0.054 1000 

8 5 0.0267 800 

5 11 0.0682 1000 

6 7 0.0208 180 

7 12 0.034 1000 

8 9 0.0305 500 

8 30 0.0504 1000 

9 10 0.0322 500 

11 12 0.0196 1000 

11 13 0.0731 1000 

12 14 0.0707 200 

12 16 0.0834 1000 

12 117 0.014 1000 

13 15 0.2444 100 

14 15 0.195 1000 

 
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
15 17 0.0437 500 

15 19 0.0394 100 

15 33 0.1244 1000 

16 17 0.1801 220 

17 18 0.0505 1000 

30 17 0.0388 500 

17 31 0.1563 1000 

17 113 0.0301 1000 

18 19 0.0493 1000 

19 20 0.117 320 

19 34 0.247 1000 

20 21 0.0849 1000 

21 22 0.097 150 

22 23 0.159 1000 

23 24 0.0492 1000 

23 25 0.08 500 

23 32 0.1153 1000 

24 70 0.4115 1000 

24 72 0.196 1000 

26 25 0.0382 500 

25 27 0.163 5000 

26 30 0.086 5000 
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Table C.13: Continued.  

line ( , )i j=  
i j 

x  
(p.u.) 

maxf  
(MW) 

27 28 0.0855 1000 

27 32 0.0755 1000 

27 115 0.0741 180 

28 29 0.0943 1000 

29 31 0.0331 1000 

30 38 0.054 800 

31 32 0.0985 1000 

113 31 0.1 160 

32 113 0.203 1000 

32 114 0.0612 1000 

33 37 0.142 160 

34 36 0.0268 1000 

34 37 0.0094 500 

34 43 0.1681 1000 

35 36 0.0102 120 

35 37 0.0497 1000 

38 37 0.0375 700 

37 39 0.106 1000 

37 40 0.168 1000 

38 65 0.0986 500 

39 40 0.0605 170 

40 41 0.0487 1000 

40 42 0.183 1000 

41 42 0.135 1000 

42 49 0.323 500 

42 49 0.323 1000 

42 49 0.323 130 

43 44 0.2454 1000 

44 45 0.0901 1000 

45 46 0.1356 200 

45 49 0.186 1000 

46 47 0.127 100 

46 48 0.189 1000 

47 49 0.0625 1000 

47 69 0.2778 250 

48 49 0.0505 1000 

49 50 0.0752 1000 

49 51 0.137 1000 

 
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
49 54 0.289 180 

49 54 0.291 1000 

49 54 0.289 1000 

49 66 0.0919 200 

49 66 0.0919 5000 

49 66 0.0919 500 

49 69 0.324 1000 

50 57 0.134 180 

51 52 0.0588 1000 

51 58 0.0719 330 

52 53 0.1635 1000 

53 54 0.122 1000 

54 55 0.0707 250 

54 56 0.0096 1000 

54 59 0.2293 220 

55 56 0.0151 1000 

55 59 0.2158 400 

56 57 0.0966 1000 

56 58 0.0966 1000 

56 59 0.251 300 

56 59 0.239 1000 

56 59 0.251 200 

59 60 0.145 1000 

59 61 0.15 1000 

63 59 0.0386 200 

60 61 0.0135 500 

60 62 0.0561 1000 

61 62 0.0376 1000 

64 61 0.0268 700 

62 66 0.218 1000 

62 67 0.117 230 

63 64 0.02 500 

64 65 0.0302 500 

65 66 0.037 200 

65 68 0.016 1000 

66 67 0.1015 190 

68 69 0.037 800 

68 81 0.0202 1000 
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Table C.13: Continued.  
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
68 116 0.0041 300 

69 70 0.127 500 

69 75 0.122 500 

69 77 0.101 1000 

70 71 0.0355 180 

70 74 0.1323 1000 

70 75 0.141 1000 

71 72 0.18 270 

71 73 0.0454 1000 

74 75 0.0406 1000 

75 77 0.1999 190 

75 0 0.0481 1000 

76 77 0.148 1000 

76 0 0.0544 1000 

77 78 0.0124 140 

77 80 0.0485 900 

77 80 0.105 120 

77 80 0.0485 500 

77 82 0.0853 1000 

78 79 0.0244 150 

79 80 0.0704 1000 

81 80 0.037 700 

80 96 0.182 1000 

80 97 0.0934 1000 

80 98 0.108 250 

80 99 0.206 1000 

82 83 0.0366 1000 

82 96 0.053 120 

83 84 0.132 1000 

83 85 0.148 190 

84 85 0.0641 1000 

85 86 0.123 1000 

85 88 0.102 1000 

85 89 0.173 80 

86 87 0.2074 1000 

88 89 0.0712 500 

89 90 0.188 200 

 
line ( , )i j=  

i j 
x  

(p.u.) 
maxf  

(MW) 
89 90 0.0997 500 

89 90 0.188 500 

89 92 0.0505 300 

89 92 0.1581 500 

89 92 0.0505 500 

91 90 0.0836 1000 

91 92 0.1272 100 

92 93 0.0848 1000 

92 94 0.158 1000 

92 100 0.295 180 

92 102 0.0559 1000 

93 94 0.0732 1000 

94 95 0.0434 1000 

94 96 0.0869 100 

94 100 0.058 1000 

95 96 0.0547 1000 

96 97 0.0885 280 

98 100 0.179 1000 

99 100 0.0813 1000 

100 101 0.1262 1000 

100 103 0.0525 500 

100 104 0.204 1000 

100 106 0.229 1000 

101 102 0.112 1000 

103 104 0.1584 300 

103 105 0.1625 1000 

103 110 0.1813 220 

104 105 0.0378 1000 

105 106 0.0547 180 

105 107 0.183 1000 

105 108 0.0703 190 

106 107 0.183 1000 

108 109 0.0288 240 

109 110 0.0762 1000 

110 111 0.0755 180 

110 112 0.064 1000 

114 115 0.0104 1000 
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Table C.14: Pool sellers’ offers of the IEEE 118-bus network. 
 
node 

n 
( )s s

n npβ  ($/h) 
s

np  
(MWh/h) 

node 
n 

( )s s
n npβ  ($/h) 

s
np  

(MWh/h)

4 ( )2

4 40.004 35.0s sp p+  250 66 ( )2

66 660.004 33.0s sp p+  380 

6 ( )2

6 60.0022 34.0s sp p+  800 69 ( )2

69 690.003 38.0s sp p+  600 

8 ( )2

8 80.003 38.0s sp p+  350 70 ( )2

70 700.0051 34.2s sp p+  630 

10 ( )2

10 100.0019 35.5s sp p+  900 72 ( )2

72 720.004 35.5s sp p+  280 

12 ( )2

12 120.0035 37.0s sp p+  170 73 ( )2

73 730.0035 33.0s sp p+  200 

15 ( )2

15 150.0045 33.0s sp p+  300 74 ( )2

74 740.0045 39.1s sp p+  250 

18 ( )2

18 180.0027 35.0s sp p+  250 76 ( )2

76 760.0043 34.5s sp p+  250 

19 ( )2

19 190.003 34.5s sp p+  230 77 ( )2

77 770.003 40.0s sp p+  590 

24 ( )2

24 240.0035 40.0s sp p+  280 80 ( )2

80 800.004 35.0s sp p+  400 

25 ( )2

25 250.003 42.0s sp p+  200 82 ( )2

82 820.0022 38.0s sp p+  350 

26 ( )2

26 260.0065 39.0s sp p+  628 85 ( )2

85 850.003 34.0s sp p+  370 

27 ( )2

27 270.004 33.6s sp p+  250 87 ( )2

87 870.004 38.8s sp p+  200 

31 ( )2

31 310.0035 35.5s sp p+  690 89 ( )2

89 890.0038 33.0s sp p+  600 

32 ( )2

32 320.0045 33.0s sp p+  320 90 ( )2

90 900.0045 34.3s sp p+  250 

34 ( )2

34 340.006 35.0s sp p+  350 91 ( )2

91 910.0054 34.5s sp p+  260 

36 ( )2

36 360.003 35.0s sp p+  470 92 ( )2

92 920.003 40.0s sp p+  250 

40 ( )2

40 400.003 39.0s sp p+  300 99 ( )2

99 990.004 35.3s sp p+  800 

42 ( )2

42 420.0038 43.0s sp p+  250 100 ( )2

100 1000.0025 38.0s sp p+  350 

46 ( )2

46 460.0035 35.5s sp p+  720 103 ( )2

103 1030.003 34.0s sp p+  300 

49 ( )2

49 490.0045 33.0s sp p+  400 104 ( )2

104 1040.004 35.5s sp p+  280 

54 ( )2

54 540.0032 40.0s sp p+  300 105 ( )2

105 1050.0037 33.9s sp p+  300 

55 ( )2

55 550.003 34.5s sp p+  250 107 ( )2

107 1070.0045 35.0s sp p+  250 

56 ( )2

56 560.004 40.0s sp p+  800 110 ( )2

110 1100.004 34.5s sp p+  230 

59 ( )2

59 590.0026 35.0s sp p+  250 111 ( )2

111 1110.003 40.0s sp p+  280 

61 ( )2

61 610.003 37.6s sp p+  250 112 ( )2

112 1120.001 35.0s sp p+  300 

62 ( )2

62 620.002 34.0s sp p+  290 113 ( )2

113 1130.0038 43.0s sp p+  250 

65 ( )2

65 650.0035 35.3s sp p+  200 

 

116 ( )2

116 1160.003 34.0s sp p+  250 

 
 

 



 

 178

Table C.15: Pool buyers’ bids of the IEEE 118-bus network. 
 

node 
n 

( )b b
n npβ  ($/h) 

b
np  

(MWh/h)
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h)

0 ( )2

0 00.0046 47.0b bp p− +  132 39 ( )2

39 390.0066 39.0b bp p− +  108 

1 ( )2

1 10.0025 39.0b bp p− +  204 40 ( )2

40 290.0165 40.0b bp p− +  80 

2 ( )2

2 20.00051 40.0b bp p− +  80 41 ( )2

41 410.0185 48.0b bp p− +  148 

3 ( )2

3 30.0015 42.0b bp p− +  156 42 ( )2

42 420.008 37.0b bp p− +  148 

4 ( )2

4 40.0015 52.0b bp p− +  120 43 ( )2

43 430.0053 38.0b bp p− +  72 

6 ( )2

6 60.012 36.0b bp p− +  208 44 ( )2

44 440.0027 52.0b bp p− +  640 

7 ( )2

7 70.0044 53.0b bp p− +  760 45 ( )2

45 450.0062 40.0b bp p− +  212 

11 ( )2

11 110.0165 40.0b bp p− +  280 46 ( )2

46 460.0059 40.0b bp p− +  112 

12 ( )2

12 120.0076 46.0b bp p− +  188 47 ( )2

47 470.0089 41.0b bp p− +  136 

13 ( )2

13 130.0022 35.0b bp p− +  136 48 ( )2

48 480.0035 42.0b bp p− +  80 

14 ( )2

14 140.0056 42.0b bp p− +  56 49 ( )2

49 490.0046 41.0b bp p− +  348 

15 ( )2

15 150.005 40.0b bp p− +  360 50 ( )2

50 500.0035 38.0b bp p− +  68 

16 ( )2

16 160.0049 38.0b bp p− +  100 51 ( )2

51 510.0063 39.5b bp p− +  28 

17 ( )2

17 170.0061 41.0b bp p− +  44 52 ( )2

52 520.0065 41.0b bp p− +  72 

18 ( )2

18 180.0085 41.5b bp p− +  240 53 ( )2

53 500.0063 40.5b bp p− +  92 

19 ( )2

19 190.0068 44.0b bp p− +  180 54 ( )2

54 540.0045 41.0b bp p− +  452 

20 ( )2

20 200.00155 38.0b bp p− +  72 55 ( )2

55 550.0059 48.0b bp p− +  252 

21 ( )2

21 210.006 45.0b bp p− +  56 56 ( )2

56 560.0106 35.0b bp p− +  336 

22 ( )2

22 220.0032 37.4b bp p− +  40 57 ( )2

57 570.009 37.0b bp p− +  48 

23 ( )2

23 230.0066 43.0b bp p− +  28 58 ( )2

58 580.0035 42.0b bp p− +  48 

27 ( )2

27 270.0066 37.0b bp p− +  240 59 ( )2

59 590.006 41.0b bp p− +  1108 

28 ( )2

28 280.003 43.0b bp p− +  68 60 ( )2

60 600.0091 44.0b bp p− +  640 

29 ( )2

29 290.0088 43.0b bp p− +  96 62 ( )2

62 620.0054 48.0b bp p− +  308 

31 ( )2

31 310.0046 41.0b bp p− +  172 66 ( )2

66 660.01 37.0b bp p− +  156 

32 ( )2

32 320.0075 39.0b bp p− +  236 67 ( )2

67 670.0072 50.0b bp p− +  112 

33 ( )2

33 330.011 44.0b bp p− +  920 70 ( )2

70 700.006 44.0b bp p− +  264 

34 ( )2

34 340.0035 39.0b bp p− +  236 74 ( )2

74 740.0025 41.0b bp p− +  272 

35 ( )2

35 350.0057 47.0b bp p− +  132 75 ( )2

75 750.0037 46.0b bp p− +  184 

36 ( )2

36 360.0045 41.0b bp p− +  124 76 ( )2

76 760.006 43.0b bp p− +  272 
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Table C.15: Continued. 
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h)
node 

n 
( )b b

n npβ  ($/h) 
b
np  

(MWh/h)

77 ( )2

77 770.0057 43.0b bp p− +  244 98 ( )2

98 980.0013 48.0b bp p− +  336 

78 ( )2

78 780.0065 42.0b bp p− +  284 100 ( )2

100 1000.0018 45.0b bp p− +  148 

79 ( )2

79 790.0025 43.0b bp p− +  156 101 ( )2

101 1010.0075 41.0b bp p− +  88 

80 ( )2

80 800.0025 47.0b bp p− +  520 102 ( )2

102 1020.0048 46.0b bp p− +  20 

82 ( )2

82 820.0014 40.0b bp p− +  216 103 ( )2

103 1030.0016 35.0b bp p− +  92 

83 ( )2

83 830.0019 37.0b bp p− +  80 104 ( )2

104 1040.007 37.8b bp p− +  152 

84 ( )2

84 840.0031 45.0b bp p− +  44 105 ( )2

105 1050.0047 41.0b bp p− +  124 

85 ( )2

85 850.0022 40.0b bp p− +  96 106 ( )2

106 1060.0034 42.0b bp p− +  172 

86 ( )2

86 860.0047 40.0b bp p− +  84 107 ( )2

107 1070.005 39.0b bp p− +  112 

88 ( )2

88 880.0068 43.0b bp p− +  192 108 ( )2

108 1080.0046 39.3b bp p− +  80 

90 ( )2

90 900.0022 40.0b bp p− +  312 109 ( )2

109 1090.0025 44.0b bp p− +  32 

92 ( )2

92 920.008 37.0b bp p− +  260 110 ( )2

110 1100.0037 43.0b bp p− +  156 

93 ( )2

93 930.0025 46.0b bp p− +  48 112 ( )2

112 1120.0046 39.6b bp p− +  100 

94 ( )2

94 940.0036 51.0b bp p− +  320 114 ( )2

114 1140.002 37.0b bp p− +  32 

95 ( )2

95 950.0055 45.0b bp p− +  168 115 ( )2

115 1150.0026 38.0b bp p− +  88 

96 ( )2

96 960.0037 39.0b bp p− +  152 117 ( )2

117 1170.0025 45.0b bp p− +  80 

97 ( )2

97 970.008 38.0b bp p− +  60   
 
 

Table C.16: Bilateral transactions’ transmission service requests of the IEEE 118-bus 
network. 

w wm  wn  wt (MWh/h) ( )w wtα  ($/h) 

1 5 34 150 6.0 1t  

2 21 58 110 7.4 2t  

3 44 16 100 4.8 3t  

4 85 27 220 11.0 4t  

5 88 13 180 9.5 5t  

6 96 29 100 10.0 6t  

7 100 32 150 5.0 7t  

8 114 11 80 13.0 8t  
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