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Abstract—The evaluation of locational marginal prices or LMPs,
which constitute the basis of the new generation of market design
in the U.S., is a critical need in the side-by-side operation of elec-
tricity markets and power systems. Their use in various applica-
tions such as congestion management and hedging requires spe-
cific LMP components in the computations. We provide a general
formulation for the evaluation of the LMP components by making
explicit use of the important role played by the nodes with gen-
erators with free capacity. On the other hand, the LMPs of the
nodes without generation or with the generators at their limits
are a function of the LMPs at the marginal nodes and the im-
pacts of the network constraints, including the losses in the net-
work. In the formulation, we pay special attention to the impor-
tance of the assumptions and specifications—the so-called policy
specification—in the determination of the components. We obtain a
very general formulation that brings under a single framework the
different decomposition approaches that exist. The formulation’s
comprehensiveness brings numerous insights into the various de-
compositions, provides a platform for their comparative analysis,
and allows us to understand the direct implications and the role of
the policy specified. Moreover, the formulation reveals the limita-
tions of any decomposition into the components due to the under-
lying structural interdependencies among them, which is clearly
shown in this paper. We provide an example to illustrate the capa-
bilities and the insights obtainable with the use of this formulation.

Index Terms—Congestion, decomposition, locational marginal
price, losses, optimal power flow.

NOTATION

Lowercase boldface will be used to denote vectors, while up-
percase boldface will denote matrices.

column vector

:

row vector

offer function of generator

set of variable (fixed) nodes

set of network nodes

cardinality of a set

vector of injections (demands) at all nodes

vector of injections at the variable (fixed) nodes

vector of demands at the variable (fixed) nodes

s at all, variable (fixed) nodes

vector of all nodal s
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vectors of loss (congestion) components

reference price

dual variables associated with the transmission
(binding) constraints
vector of participation factors

vector of all ones of length

I. INTRODUCTION

LOCATIONAL marginal prices or s constitute the
basis of the new generation of market design in the U.S.

[1]. The at a node k measures the least cost to supply
an additional unit of load at that location from the resources of
the system. The is a short-run marginal cost quantity,
evaluated for a specified snapshot of the power system, and
explicitly takes into account the network characteristics, as well
as, those of the supply sources. The locational marginal pricing
notions are based on social welfare economics. The s are
the shadow prices of the real power balance equality constraints
of an optimization problem that maximizes the total social
welfare function, based on the offer and bid functions of the
sellers and buyers, respectively, for a specified point of time.
In the presence of non-price-responsive buyers, the welfare
maximization problem is equivalent to the minimization of the
total costs of the energy supply of the generators to satisfy all
the demands.

The s provide important economic signals that fully re-
flect both system and market operations at a specified time. At
each node, the , as the dual variable of that node’s power
balance equation, has a value that embodies the price of the en-
ergy from the “source” node(s), the impacts of the transmission
losses, and the effects of the transmission constraints that re-
sult in network congestion. In fact, under certain conditions, the

s may serve the system operator as control signals to bring
about the desired generator output levels that result in optimal
operations [2]. We obtain some useful insights about the nature
of the signals that the s provide when we consider the
important special case of a lossless and unconstrained network.
The costs of supplying an additional MW to a buyer at an ar-
bitrary node k are independent of the buyer’s location in this
case. As such, the s at all the nodes are equal, resulting in
what is known as the equal-lambda generation dispatch. In the
presence of losses and/or congestion, the nodal prices are mod-
ified to account for the fact that the so-called out of merit gen-
eration dispatch may become necessary to accommodate trans-
mission constraints and the balancing of network losses. As a
result, the s become locationally distinct, reflecting the
reality that congestion prevents the energy from the low-cost
generation from meeting all the loads’ demands. This energy is
displaced by the outputs of the higher-cost generators that are
dispatched to meet the load.
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The s serve an important role in managing transmission
congestion, and virtually all congestion management schemes
make use of the differences as the signal for determining
the transmission charges under constrained operations. How-
ever, for market settlement purposes, the decomposition of
the is required so that the differences are computed in
terms of the appropriate components of the s at the node
pairs of interest. In addition, there is a need to make use of the
components in markets for hedging purposes. Due to the nature
of electricity and its markets and the inherent uncertainty in
power system operations, there is wide variability in the costs of
supply and in the available transmission capability in a network.
This variability, in turn, results in high volatility of the s.
The volatility of s as a function of both time and location
represents an uncertainty that market participants must deal
with. The unbundling of transmission from generation and the
further setting up of ancillary services make the need for the
components of the s more acute for the development and
implementation of financial tools for hedging purposes. Hedging
instruments, known as s, for congestion cost uncertainty
are available and used in various jurisdictions. There is intense
interest in the development of hedging tools for the transmission
loss component of the . It follows that the evaluation of

s is an important need in the side-by-side operation of
power systems and electricity markets. We briefly review the dif-
ferent approaches to the evaluation taken in the literature.

Conceptually, the may be viewed as consisting of three
components: a pure energy term, whose value is the same at each
node, corresponding to the notion of a uniform price in a loss-
less, unconstrained network; a loss term to represent the real
power losses in the network; and, a term for congestion arising
from the fact that one or more of the network constraints for the
operating state or for any of the specified contingencies may be
binding. Typically, the is expressed as the sum of these
three components. The energy term is computed as the dual vari-
able of the real power balance equation at an arbitrarily selected
reference bus. This marginal quantity is referred to as the ref-
erence component. The loss component is usually expressed in
terms of the so-called nodal loss sensitivity factor, which is com-
puted with respect to the selected reference node, where the loss
factor has a value zero. The nodal congestion component may
be expressed as a linear combination of the dual variables as-
sociated with the active transmission constraints. While such
a decomposition [3], [4], is intuitively attractive, its physical
meaning may be rather limited [5]. Not only is the decompo-
sition nonunique, it is highly dependent on the manner in which
the costs of the losses are allocated to each node. Now, the allo-
cation of losses in a network is arbitrary as there exists no the-
oretical or measurement scheme that unequivocally determines
the losses due to a particular transaction or a particular load [6].
Similarly, the allocation of the costs is arbitrary. One way to
move the cost allocation away from arbitrariness is to introduce
a policy specification. Absent such a policy specification, the
arbitrariness in the loss component may be propagated into the
other two components and thereby result in arbitrariness in each
of the three components.

The pioneering work in analysis is the mathematical
framework presented in [7]. The notion of generation and net-

work components of the is extended to the disaggre-
gation of the latter into separate loss and congestion compo-
nents. The three-component decomposition was carefully inves-
tigated in [5]. This work provides insights into the interpreta-
tion and properties of the s and clarifies the distinctions
between the reference bus and the slack bus and the reference
price and the system lambda. A pragmatic approach to the eval-
uation of the components for market applications speci-
fies the policy for loss allocation by the explicit assignment of
a fraction to each network node using a distributed-slack ap-
proach [8]. This specification then avoids the problem of the
dependence of the values on one reference node. The ef-
fective deployment of DC-type formulation of the makes
the scheme computationally efficient. In a systematic study of
the distributed-slack power flow formulation [9], the three-com-
ponent decomposition is presented with a policy specification of
the vector of participation factors for the distributed-slack ref-
erence. In this approach, the loss factors are computed for the
specified distributed slack and the energy term is the dual vari-
able of a real power balance equation at the fictitious node used
to represent the distributed slack bus. An earlier treatment of the
distributed-slack power flow approach appears in [10]. In each
of the decompositions above, the difference of the loss (conges-
tion) components between any node pair depends explicitly on
the selected reference, be it a single-bus or distributed-slack. In
an attempt to move away from such dependence, a reference in-
dependent decomposition is proposed in [11]. Such an approach
is particularly useful for the computations involved in hedging
applications.

The objective of our work is to gain some insights into the
evaluation of the components, in general, and the dis-
tinct characteristics, including the limitations, of the various
proposed decomposition approaches, in particular. For this pur-
pose, we revisit the optimality analysis of the problem
and focus on the structural aspects of the dual variables associ-
ated with the nodal real power balance equations. The starting
point for our analysis is the AC power flow relations, in which
the losses are implicitly represented in terms of the branch resis-
tances and the power balance at each node. The presence of the
power balance equations ensures that the dual variables corre-
sponding to the maximization of the social welfare provide the
values of the s at all the nodes. A key aspect of the analysis
is the recognition of the important role played by the nodes with
generators with free capacity, i.e., with the generators not at one
of their limits. These so-called marginal nodes have the ability
to set their nodal prices. In contrast, the nodes without genera-
tion or with the generators at their limits, have s which are
a function of the s at the marginal nodes and the impacts
of the network constraints, including the losses in the network.
It follows that the decomposition of the s at the marginal
nodes, in fact, determines the decomposition of the s at
all the other nodes of the network. This structural result is the
basis of the general decomposition formulation that we con-
struct and with which we analyze the existing approaches. The
formulation’s comprehensiveness brings numerous insights into
the different decompositions, provides a platform for their com-
parative analysis, and allows us to understand the direct implica-
tions and the role of the assumptions and specifications, i.e., the
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policy used. Moreover, the formulation reveals the limitations of
any decomposition into the three components due to the under-
lying structural interdependencies among the components, as is
clearly shown in this paper. We analyze these interrelationships
and clearly establish their characteristics.

This paper consists of four additional sections. We develop
the optimality analysis in the next section and derive the struc-
tural results used in the decomposition formulation. We dis-
cuss the role and nature of policy formulation in the develop-
ment of various decompositions in Section III. An illustrative
example shows how different policy specifications impact the

decomposition results. We summarize the contributions
of this paper in Section V. There are two appendices with the
mathematical details. Appendix A presents the sensitivity anal-
ysis of the optimality results and Appendix B develops
the formulation of the participation factor power flow. Numer-
ical data for the illustrative example are found in Appendix C.

II. OPTIMALITY ANALYSIS

In this paper, we consider the steady-state power systems
at a specific time . We focus on the problem of min-
imizing the energy costs of the power system for the energy
offers , , where is the generator set. The con-
straints include the power balance constraints at each node,
the maximum power flow/current constraints in every branch,
and other restrictions concerning generation limits, equipment
limitations, and similar. However, for the purposes of this
paper, we restrict the constraints to only those associated with
the real-power variables. The generalization of the results in the
case where the reactive Kirchhoff balance equations and other
voltage related constraints are considered may be extended in a
rather straightforward manner. For example, a detailed analysis
for the inclusion of the reactive and other ancillary services is
found in [12].

In the following, is the set of nodes
with node 0 denoting the specified angle node1 and the set of
network branches. The statement we use is

(1)

(2)

(3)

(4)

(5)

where is the vector of state variables (voltage angles
of all nodes excluding the specified angle node) and

is the real power flow functions at all the nodes
in including the losses due to nonzero branch resistances.
Here, is the vector of the MW injections (with-
drawals) at all nodes, with for each node and

denotes the upper (lower) limit on the generator’s in-
jection at node . The functions represent

1The specified angle node provides the basis for measuring angular displace-
ments. This node has no relationship whatsoever with the reference bus for the
decomposition used in this paper. Moreover, this bus need not have a role in loss
balancing.

the relationship of real power branch flows and the voltage an-
gles, and is the vector of the limiting values for the branch real
power flows.

The Lagrangian function of the
problem is

(6)

where and the vectors of Lagrange multipliers with
, , and and

are nonnegative. The Karush–Kuhn–Tucker necessary
conditions for the optimum point subject to the feasi-
bility conditions (2)–(4) require that there exist and ,

, such that

(7)

(8)

(9)

In addition, the complementarity slackness condition for the
branch flow and generation limits requires that

(10)

(11)

(12)

so that assuming non-degenerate solutions for the generators
that hit either their upper or their lower limit the corresponding

is positive.
At the optimum, we partition into two non-intersecting

subsets: the nodes that have generation units whose MW injec-
tion is not at a limit and will be referred to in the following as the
marginal nodes (set as in variable) and nodes with genera-
tion fixed at its minimum/maximum limit, or without generator
will be referred to as nonmarginal nodes (set as in fixed). We
will assume, without loss of generality, that the specified angle
node belongs to set and . Further, we denote the set
of branches with the binding flow constraints at the op-
timum. We denote the binding components with the subscript .

We partition the vector into two subvectors corre-
sponding to the nodes in the sets and , respectively. Then
(8) is replaced by

(13)

(14)

This partitioning helps us explicitly show the key role played
by the marginal generators in the setting of s: From (13),
(14) follows that the marginal generators determine the price
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at their nodes (equal to their marginal offer at the optimum)
whereas the non-marginal generators cannot set the price at their
node.

Partitioning the vectors , , and into the components cor-
responding to the and subsets and disregarding all non-
binding constraints from (3) and (4), the necessary conditions
of optimality become

(15)

(16)

(17)

(18)

It follows from (9) that

(19)

The Lagrange multipliers , associated with the equa-
tions in (18) are denoted by for the generator at node
at the upper limit and for the generator at node at the
lower limit (binding limit expressed uniformly as ).

We define

(20)

(21)

(22)

and use in (19) to obtain

or, equivalently

(23)

In (23) and in what follows, we drop the star symbol for the
“optimum,” so as to improve readability. For a physically fea-
sible solution, there will be at least one marginal generator and,
without loss of generality, we assume that this will be the one
at the specified angle bus. Therefore, the will have at most

rows, and in the special case that it has exactly rows, it will
equal the Jacobian matrix as used in the Newton–Raphson
methodology for calculating the power flow. This matrix is, in
general, assumed to be nonsingular. Typically the number of
rows of is . The nonsingularity assumption im-
plies that has full row rank. Consequently its Moore–Pen-
rose pseudo-inverse is given by [13], [14]

(24)

We now rewrite (23) as

(25)

The expression in (25) is exact even if it appears as a
least-squares solution of the overdetermined system (23).
Moreover, in the case of the single marginal unit at the spec-
ified angle bus, i.e., , the reduces to the

vector , whose components are the so-called
delivery factors . Likewise, the matrix may
be interpreted as a generalization of the injection shift matrix

, and [15].
The s at the buses of the subset— load buses and

fixed generation—are given in (25) as a function of the s
at the buses of the subset and the congestion dual multipliers

. Since usually and , (25) states the im-
pacts of the energy offers and the network limits on the
at each load node. Although, the first term seems to be purely
a function of the energy prices and the second term of the
congestion impacts expressed by , sensitivity analysis indi-
cates the interdependence between the two terms. The details
are given in Appendix A.

We use the sensitivity information to evaluate the marginal
response of a generator output at a node in to the variation of
the demand at a node in . We define

(26)

so that we write

(27)

From (25) and (27), we have

(28)

We note that this expression and (25) have no explicit refer-
ence bus, which is intuitively clear, since in the formu-
lation, no reference bus was used. In fact, each generator may
vary its output within the specified limits and a balance equa-
tion is specified at each of the buses. Therefore, all but
one generator’s outputs are independent.

It is often customary to consider the to consist of three
components, one of which is a reference component. We may
introduce a reference component as a mathematical artifice to
decompose the s to have such a form and obtain

(29)

where is the reference price, is the vector of loss compo-
nents, and is the vector of congestion components.

As our analysis in the next section shows, such a decomposi-
tion need not be unique. In fact, there is a rather large level of ar-
bitrariness in any decomposition, and we use the term policy to
refer to any such specification. Much of the arbitrariness arises
from the fact that the loss price component determination is a
function of the specific loss allocation policy used in the net-
work. We next explore the various decompositions proposed in
the literature and analyze them using the result in (25).

III. ROLE OF POLICY IN DECOMPOSITION

Our analysis of the decomposition in (29) makes extensive
use of the structural result of our formulation in (25). We start
out by postulating the form (29) only for the variable nodes

(30)
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and substitute this expression in (25) to obtain

(31)

with

(32)

and

(33)

to be the loss and congestion components, respectively, of the
s at the fixed nodes.

The structural relationship in (25) ensures that the postulated
form for the variable nodes in (30) holds also for the fixed nodes.
References (30)–(33) make obvious that all components of the

depend on the reference price .
In a lossless network and

which implies

(34)

Differentiation of both sides of (34) implies

(35)

so that from (32) and (35) .
In a network with no congestion, and . It

follows from (33) that . Again, the postulated structure
for the variable nodes ensures that the congestion components
vanish also at the fixed nodes in a congestion-free network.

The value of in (31) is arbitrary and, in general, need not
be the dual multiplier of an explicit power balance equation [5].
The value of for a lossless, uncongested network with piece-
wise linear cost curves has a nice, intuitive interpretation. In
this case, only one generator is marginal with , and
so and . Since from (31), and we
have from (25) and (35) that

so that

This result, in effect, is simply the equal-lambda criterion of
the classical economic dispatch problem without considering
the network. The structural relationship of our formulation
allows us to group the various decomposition cases into

two major categories—the reference-dependent and the ref-
erence-independent decompositions. We next discuss each
category separately.

A. Reference-Dependent Decomposition

To consider the reference-dependent decomposition, we
adopt a cost allocation policy according to which a ficti-
tious node, the so-called distributed slack node [9],
[10], is introduced and used to evaluate the loss and con-
gestion components of the s. The policy consists of
the specification of a vector of nodal participation factors

with . These
factors determine the portion of the total real-power mismatch

between the specified generation and demand plus the
transmission losses, that is assigned for balancing to each bus.
The policy further specifies that the loss component of the
nodal price is the product of a reference price and the nodal
loss sensitivity factor calculated with respect to the
node and without considering any network constraints (36). A
similar specification is made for the congestion component,
which is evaluated as the product of the injection shift factors

[15] of the congested lines (with respect to the node)
and the dual multipliers of the corresponding binding line
limits (37). Thus

(36)

and

(37)

Here, is the set of columns of the matrix corre-
sponding to the nodes. The specification of this policy at the

nodes allows the evaluation of the components at each
fixed node.

The starting point of the analysis is the definition of in
, with the real network losses.

Then

(38)

where is the vector of the nodal loss sensitivity factors with
respect to the node. We can use the relationship

(39)

whose proof is given in Appendix B. We evaluate by making
use of (31), (36), (38), and (39) and obtain

(40)



1168 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 22, NO. 3, AUGUST 2007

Similarly, we evaluate :

From Appendix B, we have

(41)

so that

(42)

The results in (40) and (42) and the postulated form (29) allow
the nodal vector to be written as

(43)

In fact, under the policy specification with the

(44)

This result is proved in Appendix B, and consequently, the
reference price is uniquely determined.

A special case of this policy is the conventional decompo-
sition, in which the reference bus is an existing bus in the
network with and .

This policy requires the calculation of sensitivities (without
considering the network limits) with respect to a certain bus (or

) reference. A salient feature of this decomposition is that
the loss and congestion components are expressed in terms of
the sensitivities with respect to the specified reference bus and
their values, as well as the internodal differences, depend on .

B. Reference-Independent Decomposition

For the reference-independent decomposition, the policy
specifies the reference price and the loss component at each
node independently of a reference bus. The congestion
component vector is determined from

(45)

whose elements depend on . As such, this policy’s specifica-
tion of the reference price affects only the congestion compo-
nent. The difference between loss and congestion components
between nodes are now independent of the reference price.

A concrete example of such a policy is the reference bus in-
dependent decomposition proposed in [11] that explicitly recog-
nizes the fact that the marginal nodes play a key role in the set-
ting of nodal s across the network. The provides the
sensitivity information on the response of each marginal gener-
ator at a node to a change in load . These sensitivity
results are captured in , as defined in (26). We note that the
entries in are independent of a reference bus, by definition.
The policy specifies that is expressed as the sum of
two matrices:

(46)

that express the impacts of the loss change and the load change,
respectively. is specified as part of the policy
(independent of a reference bus) and , where

is the loss sensitivity factor at node for the (power

flow) slack at bus and . The
elements of matrix have obviously ref-
erence-independent values and correspond to the response of
the generator at node to the variation of demand at
the non-marginal node , with losses ignored. Note, that

under the lossless assumption.
The policy further specifies that the loss component at each

node in is negligibly small and assumed to be

(47)

Thus, only the reference and congestion components are con-
sidered and

(48)

Then, it follows from (32) and (47) that

(49)

Also from (28), (33), (46), (48), and (49), we have

(50)

An additional specification is to require that

(51)

so that

(52)

We can verify that the sum of the three components at the
nodes of the subset is

While the elements of are reference independent since the
elements of in (51) are reference independent, the elements
of are reference dependent. It is, however, interesting to ob-
serve that for any pair of nodes , the difference between the
congestion price components are reference independent since

(53)
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Fig. 1. Six-bus network in the optimal state.

and all quantities on the right-hand side of (53) are reference
independent.

Thus, this policy for a reference-independent decomposition
requires the specification of a reference price, the loss compo-
nent at each node to be zero, and the loss component at each

node to be estimated using a specified approximation. The
specification of the reference price is arbitrary, since only the
differences and not the absolute values of the price components
are, in effect, used in practical situations, such as congestion
management. Please note that the term “reference independent
decomposition” refers to the differences of price components
rather than the decomposition at each individual node.

IV. ILLUSTRATIVE EXAMPLE

We illustrate the generality and comprehensiveness of the
proposed formulation with the six-bus network in [16]. In partic-
ular, we show how the decomposition of the prices at the nodes
in affects the components of the nodal prices in under dif-
ferent policies/specifications. Bus 0 is the specified angle bus.
The network is congested due to the real power flow limits of 18
MW and 45 MW that have been imposed on the lines (1,4) and
(2,5). The cost minimizing problem gives the solution shown in
Fig. 1 and the Lagrange multipliers at the optimum are

The marginal generators are at nodes 0, 1, 2. The matrices
, , , as defined in (20)–(22) and (24) are given in

Appendix C.
At the optimum,

and using (25), we can verify that

TABLE I
DISTRIBUTION FACTORS FOR ALL CASES

We next examine the various components of the s under
different policy specifications. Under the distributed slack
approach, we consider four different specifications for which
we have shown that the expressions for the three components
at each node are given by (43). We consider four different
specifications using only the generator nodes. Thus, for

, 1, 2 and for , 4, 5. The four cases are
summarized in Table I. For the constraint, the dual
multiplier is 12.012 and indeed we verify that

The and for case (a) are evaluated from the power
flow result at the optimum, assuming a distributed slack

and

and the three components of the nodal prices as written in (43):

We compare the results in Figs. 2 and 3, which depict the
values of the loss and the congestion components at each
network bus and for the four cases (a)–(d). For case (d), with a
single reference bus at the specified angle node 0, the loss and
congestion components at this node vanish. It is important to
note that the reference price is different in each of the four cases
(a)–(d).

We observe that by gradually increasing while decreasing
and , the loss components increase in value, while the

congestion components decrease in value. Much more relevant
are the differences of the price components between the nodes.
For example, for the marginal node 1 and the non-marginal node
4, the difference , which for the four cases
(a)–(d), may be decomposed into the components:
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Fig. 2. Loss component at each for cases (a)–(d).

Fig. 3. Congestion components at each node for cases (a)–(d).

TABLE II
CONGESTION COMPONENTS WITH REFERENCE-INDEPENDENT

DECOMPOSITION USING CASES (1)–(4)

In the remainder of this section, we consider the reference-
independent decomposition discussed in Section III-B. The loss
components are independent of the reference price

as shown by the results provided in Appendix D. Consequently,
the difference of the loss components is

which is obviously independent of a reference value.
Table II shows the congestion components for different ref-

erence prices. Here, in each of the cases (1)–(3), the reference
price is the at one of the marginal nodes. In the fourth

case, the reference price is calculated as the weighted sum
of the s of all marginal buses. The

last row of Table II contains the differences of the congestion
components between buses 1 and 4 for all cases.

These numerical results make amply clear that in a refer-
ence-dependent decomposition scheme, not only the absolute
values but also the differences between components vary with
the reference choice. This is in contrast to the reference-inde-
pendent decomposition, as described in Section III-B, where the
difference between the loss and congestion components are in-
dependent of the reference. In that case, however, many other
specifications are required.

V. CONCLUSIONS

We formulated the evaluation of the prices at the non-
marginal nodes and general expressions for their components in
a very general and comprehensive manner. The formulation in-
cludes as special cases all previously published decomposition
schemes. A salient feature of the formulation is that the role of
the generators with the ability to vary their output, as well as
the impact of the network congestion on the price setting, are
explicitly recognized. We showed that while there is no unique
decomposition, the policy adopted for the decomposition of the
prices at the marginal nodes determine the decomposition at all
the other nonmarginal nodes. The formulation brings under a
single framework the different decomposition approaches that
exist.

APPENDIX A

Optimality Sensitivity Analysis: In the development,
we assume that we evaluate all functions, vectors, and ma-
trices at the solution. By disregarding all non-binding
inequality constraints, we obtained equations (15)–(19)). By
writing to eliminate , the Lagrangian function

becomes

(A1)

where we use the vector to represent the model parame-
ters (e.g., ). The Hessian matrix of (A1) is essential for
sensitivity analysis and assuming the order of the variables is

:

where , and

In the following, we group the vectors and their asso-
ciated matrices together to facil-
itate the derivation of the 4 4 invert block matrix from the
well-known 2 2 block matrix inversion formula.
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In order to show the qualitative relationships with analytical
expressions, the inverse of is used in the mathematical deriva-
tions shown in (A2) at the bottom of the page, although practical
applications employ a sparse factorization of this matrix, with

For linear bid curves, an assumption encountered frequently
in practical applications, and and also equals
the number of binding flow constraints plus one. This can be true
(although not necessarily) also in the presence of losses. In this
case, the matrix is square and assumed nonsingular so that

Then the matrix takes the following form:

The many zero entries in provide some useful insights into
these changes, that do impact the state variables and prices.

We focus on the post optimality sensitivity analysis, for
which we assume that small changes in parameters do not af-
fect the active set of constraints. In this notation, this translates
that the sets and do not change and the conditions
hold. Using the classical implicit function theorem, we can
compute the sensitivity differentials of the optimal solution
(state variables) and Lagrange multipliers w.r.t. to the changes
in the parameter vector , assuming that each change
happens independently:

(A3)

with

First, a perturbation in the linear cost coefficient of the
(assumed) linear or piecewise linear cost curve of the marginal
supplier is assumed. This will obviously have a direct impact
only on . It makes intuitive sense that this change would not
have an impact on the optimum state, since the supplier is

marginal. If it can be shown that this perturbation has no impact
on (so that , , remain constant) and in addition no
impact on , then only the first term in (25) would respond to
change in energy cost and that would actually support the claim
that this term can be directly attributed to energy cost.

The linear cost coefficients appear only in the objective func-
tion so that

and from (A3)

(A4)

which shows that
• the primal solution remains unaffected;
• there is a direct impact on as expected;
• the impact on is . The matrix has

structurally only nonzero matrix entries, which proves that
both and will change from their optimal values.

In the same line of thinking, we can show that changes in the
values of , a variation that clearly has to do with congestion
and has no obvious, direct influence on energy prices, will affect
all variables and multipliers except the s of the marginal
units . The results obtained from the sensitivity analysis as
presented here indicate that in general, both terms in (25) con-
tain information on congestion and energy cost, and that their
separation is impossible.

APPENDIX B

Participation Factor Power Flow: The participation
factor power flow allocates the total real power mismatch

according to a predefined participation vector with
. As

where is the real network losses, we may express

(B5)

where is the vector of the nodal loss sensitivity factors with
respect to the specification .

(A2)
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We write the power flow equations with the participation
factor specified and with , and

, square matrix of dimension and assumed
invertible. The Newton step requires the solution of

(B6)

From (B6) follow

(B7)

and

(B8)

Post-multiplying (B8) with gives , and it
follows from (B5) that

(B9)

From (B7) and (B9)

(B10)

If the decomposition of the s is

with , then it follows from (B9), (B10)

(B11)

Similarly, post-multiplying (B8) with results in

(B12)

If we partition the matrix and the vector according
to the indices of and , we obtain

(B13)

Proof of (41): The post multiplication of (B7) by results
in

(B14)

We partition (B14) according to the , to obtain

APPENDIX C

APPENDIX D

At the optimum, we calculate the following matrices, as de-
fined in section Section III-B:

According to (47) and (51), the loss components at the mar-
ginal nodes are zero, and at the non-marginal nodes

We select the reference price to be the of bus 0, so that
, and obtain

From (52)
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