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A TWO-STEP COMPENSATION METHOD FOR SOLVING SHORT CIRCUIT PROBLEMS

G. Gross
Pacific Gas and Electric Company
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ABSTRACT

This paper reports on the development of a unified
approach for the solution of all types of short circuit
problems. The basic approach is to consider a fault con-
dition -- a fault type or combination of fault types and
associated line outages -- as modifications to the para-
meters of the branches of the prefault network. An
extension, referred to as the two-step compensation
method, of the conventional compensation scheme was
developed to account for the balanced and unbalanced
nature of- the modifications that networks undergo when
faulted. The computationally efficient solution scheme
was derived by using a decomposition of the modifica-
tions accor'ding to their balanced and unbalanced nature
and exploiting the structural properties of the short
circuit problem, notably sparsity. The solution approach
is particularly useful for system-wide studies, in which
specified fault conditions at a set of specifiedJfault
locations are analyzed sequentially, on large systems.
A noteworthy feature of the proposed methodology is
the natural manner in which mutuals are handled.
Results of the application of this approach to investi-
gate a variety of fault conditions on several systems,
including a 2278 bus network, are presented.

INTRODUCTION

The short circuit analysis problem involves the
solution of large scale network equations when faults
on realistic sized systems are simulated. In addition
to size, certain features of the problem complicate
the short circuit calculations. For example, the un-
balanced nature of many fault types of interest requires
that three-phase systems be solved and the representa-
tion of mutual couplings in the network introduces many
complexities. Many short circuit analysis methods are
based on the evaluation of the bus impedance matrix Z
and are variants of the classical Z-bus method [1].
The calculations for more complicated fault types be-
come very cumbersome when the Z-bus approach is used.
Solution schemes to overcome such difficulties for
fault types such as line-end faults and line-out faults
have been developed [2,3]. Recently, work focused on
the development of more generalized solution methods
using diakoptic techniques [4,5]. A novel aspect of
the approach in [4] is the partitioning of the network
into one balanced and several unbalanced subnetworks
followed by the application of a sequence of linear trans-
formations. The technique in [5] uses optimally ordered
triangular factorization [6] on the torn networks to
obtain efficiency and an iterative scheme for treating
mutualls. The improvements in the computational aspects
of the Z-bus method approach proposed in [7] are an
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important contribution to the short circuit analysis
area. The scheme in [7] is a computationally efficient
technique for evaluating only those elements of Z that
are required in the actual computation of the fault
calculations.

This paper presents a unified approach for the
solution of short circuit problems. Any balanced or
unbalanced fault types or a combination of them and
associated protective actions can be analyzed within
the general framework of the proposed solution method-
ology. The basic approach is to consider a fault con-
dition -- a fault and the ensuing protective action(s)--
as a modification of the parameters of the branches of
the prefault network. To account for the balanced and
unbalanced modifications to which a faulted power system
is subjected, an extension referred to as the two-step
compensation method of the conventional compensation
method [8] was developed. In conceptual terms, this
proposed approach evaluates the effects of all balanced
modifications in the first step, and then calculates
that of all unbalanced modifications in the second step.
A riiajor advantage in the use of the compensation
approach is that the computations involved with eval-
uating all the terms of Z are avoided. In addition,
this decomposition along the balanced/unbalanced nature
of the modifications exploits the structural properties
of the short circuit problem and consequently results
in good computational efficiency.

The solution scheme for a single fault study is
used as the basic building block for the system-wide
short circuit study. For such a study, a set of faulted
locations and a set of fault conditions postulated to
occur at each location, are given. At each of the
fault locations, the sequence of the specified fault
conditions is studied. To avoid repeated calculations
for the large sequence of single fault condition studies,
a reordering of the rows of short circuit admittance
matrix Y is introduced. In the reordered Y, the rows
corresponding to the nodes that are coinciUent with the
branches undergoing modifications become the last rows
of the matrix. An extension of the so-called sparse
Z-bus formulation [7] was deveioped to compute only
those elements of the inverse of Y which are necessary
for the calculations of the system-wide study. The two-
step compensation approach is then employed for each
fault condition at each fault location. The new approach
reduces considerably the overall computational and
memory requirements.

The proposed approach was implemented in a produc-
tion grade program. Results of its application to
investigate a variety of fault conditions in large sys-
tems are very encouraging. The paper presents results
on some test systems including a 2278 node network.

REVIEW OF THE COMPENSATION METHOD
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1981. Manuscript submitted February 2, 1981; made
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The compensation method [8] is a computational
scheme for simulating the effects of changes in the
values of a network's passive elements. The approach
is particularly effective when the number of element
changes is small in comparison to the size of the
network.
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Consider a balanced network with (n+l) nodes,
including the reference node, and b branches. The
single-line representation of such a network is shown
in Fig. 1. We can describe the network in its normal
operating state by its nodal equation:

Y eo = io (1)

where Y is the nx n short circuit nodal admittance
matrix of the network, e° is the n-vector of nodal
voltages, and io is the vector of nodal current in-
jections. Voltage vector e° in (1) can be efficiently
calculated "sing triangular factorization schemes which
exploit the sparsity of Y.

Next, consider the system in which changes are
introduced in the values of some of the passive elements
of the original network. In this case, the nodal equa-
tions becomes

Y'e' = io (2)

where Y' is the admittance matrix of the modified net-
work and e' is the resulting nodal voltage vector which
we wish to determine. Note that we assume that changes
are made to the network elements only and that the
current injection vector is unaltered.

When the compensation method is used, e' can be
calculated without explicitly solving the network equa-
tion (2). Instead, the method makes use of the factors
of Y, which were obtained in solving (1). We first
determine

S = {6ls62 m

to be the set of m network branches that are modified.
A branch modification occurs whenever any of its para-
meters is changed. The addition of a new branch or
the removal of an existing branch are also considered
to be network branch modifications. Denote the terminal
nodes of each branch SE in S by t and s and define T to
be the set of all of these terminal nodes. Note that
an element in T may correspond to the terminal node of
more than one branch in S.

Consider the construction of an m-dimensional
Thevenin equivalent of the original network, as seen
from the terminal nodes of the branches in S, i.e.,
from the ports {(4 141),(S2t2).. . (mtm)}. This equiva-
lent will consist of an m-dimensional voltage vector
-VO connested in series with an equivalent m xm impedance
matrix Z , as shown in Fig. 2. We deno8e it as the {ZO,vO}
Thevenin equvalent. The elements of v are the volt-
ages across each of the branches of the original, un-
faulted network, with the kth element

+

zo zoj
p0 ~~~p0

(a) (b)
Fig. 3 The effects of the modifications represented by
Ay (a) are identical to that of the dependent current
vector i (b).

v° =e0° eo
fk Is k tk (3)

0 0where e% and et are the components of e° correspond-

ing to nodes k and tk The (Z,k)-th element of the
mxm matrix ZO is evaluated by removing all of the ori-
ginal current injections (i.e. setting i° to 0),
applying a 1 p.u. current across branch S.. and measur-
ing the resulting voltage across branch Sk connecting
nodes o and t. Define 1( k) and lt(k) as the z -th
and Stk-th columns of the n x n identity matrix gs, and

define e(4k) and e( as the voltages that are

set up at nodes 6 and t in response to the applica-
tion of a 1 p.u. current across branch Sk'. Then these

nodal voltages can be calculated, as elements of e
by solving

Y =(k) k) l
)

(4)

The value of z is given by

QS (t= e(e ktk)(Sk k)
Yk =Z(,sltl)('k.tk) S - ett (5)

Thus, the entire matrix Z0 is readily determined by

computing the m vectors e I,s= 1,2., m .

We replace the original network by its Thevenin
equivalent to analyze the effect of the branch modifi-
cations. Let X and I' be the original and the modified
network branch admittance matrices of the elements in S.
Define the branch admittance modification matrix X by

Au = AL' - A (6)

Fig. Single phase repre-
sentation of the pre-
modification network.

z $

po

Fig. 2 Thevenin equivalent
of the pre-modification
network seen from the m
ports formed by the ter-
minal nodes of the m
modified branches.

We evaluate the effect of the modifications in the
branches of S by considering the Thevenin equivalent
with A connected across the branches in S, as shown-
in Fig. 3(a). If l is the vector of currents in the
branches of S, then Kirchhoff's current and voltage
laws obtain

i = -Ay '

V' = +Z

We combine equations (7) and (8) to obtain

(7)

(8)
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i = -AX (R +zol) vo (9)
A -e1Whenever Ay is invertible, then with AZ = 4A , we have

i = - (Z° +Az) lvo

We may consequently rewrite (5) as

'k)e tk ('sk) (tk)
zYk = (e(4fiZ-eI)H-(e k -e k ) Q,k = 1,2,...,m

ZIzk Ztt t t (12)
(9a)

and both equations (9) and (9a) hold. Now Al and the
m-dimensional current source having the value i given
by (9) are identical in their effects on the equivalent
of the original network. Therefore, we may replace the
branch modifications Ay by a current source i, and the
resultant voltage vector v' will be unaffected (see
Fig. 3(b)). In the original network, it follows that
the effect of the modifications in the branches of S may
be represented by adding the compensating current vec-
tor ± between the terminal nodes of the branches in S.
This is shown in Fig. 4. Therefore, by superposition,
the nodal equations of the modified system can be
expressed as

where e is the component of e corresponding to

node 6 Now consider the terms on the r.h.s. of (12).

The term e , which is the voltage at node z. in res-

ponse to a unit current injection at node 4k' is by
definition the element z of the bus impedance matrix
Z = Y 1. Hence, (12) may be rewritten as:

0

zA = (z4,e - zse)k - (ztek- ztttk) (13)

(10)

Here (, kt is the kth element of i and 1

= 1 -l1 . From relations (1) and (10), and the
assumed non-singularity of Y.

e = e + ne (11)

(4 ktk~)
Thus e' can be simply computed since the vectors e k
k= l,2 ...., m are calculated earlier to evaluate 7ZO.
The results in (11) indicate that we can determine the
voltage vector e' of the modified network without refac-
toring Y', and simply using the factorization of Y.

A reduction in the computational effort associated
with the construction of Z° may be possible. The evalua-
tion of the elements of Z6 in eq. (5) requires solving

the system in eq. (4) for e kk, k = 1,2, m.
Repeated solution of (4) may not be inefficient for
small m. However, for large m we have developed a
procedure that results in considerably lower computa-

(4k)
tional effort. Let e be the solution of

Y e =1

Due to linearity, for the system in (4) we have that

e =e -e

Fig. 4 The post-modification network.

,Ik = 1,2, ..., m

Note that each variable on the r.h.s. is an element of Z.
It is thus clear that the desired elements of ZO may be
easily computed once certain elements of Z are known.
From (13), we see that the elements required are the
self and transfer bus impedances in the rows and columns
of Z corresponding to the nodes /s and tkof each branch

Sk in S. We next develop expressions to efficiently
compute these elements of Z.

Consider the triangularization of the symmetric
nodal admittance matrix Y. Let the triangular factors
of Y be L and D:

Y = L D LT

where the superscript T denotes matrix transposition. In tht
course of the triangularization, we use optimal ordering
coupled with the restriction that the rows corresponding to
the nodes in T, the set defined to consist of all the ter-
minal nodes in S, are the last rows of the matrix. Now to
construct Zowe need only the elements of Z that correspond
to the nodes in T. Consequently, only the7last ITI rows of
the inverse of the reordered Y need be calculated. Since Y
is symmetric, these elements may be computed recursively
using the scheme in [7J

- Z Z < jicj kj ik kj j

Zjj = di i ZjZ t
k;>]

where d.. and Zt., 'i are the nonzero elements of D

and L respectively. Once the required z.. have been
-Li

calculated, the elements of Z° are determined in a
straightforward manner using (13). Note that using this

approach, the vectors e k k k= 1929 .. . m, are not
computed. e' is obtained by solving eq. (10) using Y
in its factorized form and forward and back substitutions.
With this approach, the m repeated solutions of eq. (4)
are avoided. On the other hand, our method utilizes a
nodal reordering scheme which may not be optimal, and
consequently, the efficiency of the triangularization
may suffer. The difference between the computational
counts associated with the first approach and with our
approach depends strongly on n, i, and on the structure
of Y. For systems of practical interest, extensive
testing has shown that our approach for evaluating the

I =

m ('s k.'k) = i0+ AiY e + j 1
k= I (-Sktk)-



elements in ZO is computationally superior to the
scheme using repeated solutions.

The extension of the compensation method to three-
phase systems is rather simple. For the unmodified
balanced three-phase system, the admittance matrix Y is
a 3nx3n matrix. Each element in _Z and 4 is a 3x 3
matrix, so that ZO and Ay are of dimension 3m. The
corresponding current i that represents the effect of
the modification is a 3m vector. Due to computational
considerations, the 0, +, and - sequence network repre-
sentation of three-phase system is generally used in
actual applications [9]. In this representation, the
3nx3n Y matrix becomes block diagonal, and the sequence
networks of the pre-modification system are decoupled.
Consequently, in the Thevenin equivalent, ZO consists of
three diagonal blocks corresponding to the three de-
coupled sequence networks and vO has nonzero entries only
in the positive sequence network components. Note that
Ay is not a block diagonal matrix when unbalanced modifi-
cations are under considerations. Thus for three-phase
networks, the system in (9) consists of 3m equations.
Once i is determined using (9), e' can be calculated by
(10). Now, the three-phase version of (10) may be
decoupled into three n- dimensional systems because of
the post-modification voltages for a three-phase system
involves three systems of n equations, rather than a
system of 3n equations. It is a simple exercise to show
that the post-modification voltage for a three-phase
system in the sequence coordinates are:

m ( tA)
- )

= I (0) 1

m (1!z t,)
I (+)fi+) =10+ S+)

Y(_)e(_)=Xj (v6k )= lm -)

in the 0 sequence (14a)

in the + sequence (14b)

in the - sequence (14c)

where Y(Q)S Y(. and Y are the diagonal blocks of Y.
Note that the balanced, pre-modification three-phase
network, i0 i0 -Oand V -Y For the case of
balanced modifications Ay is block diagonal so that
O

I

=i(= In that case only the positive sequence
network in (14b) must be solved. This is identical to
the single phase representation in eq. (10).

THE NATURE OF THE SINGLE FAULT STUDY
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a system bus shorted to ground through a three-phase
circuit can be considered as the addition of a new branch
from the faulted node to ground, with the fictitious fault
impedance in each phase. In a network with mutually
coupled lines, whenever one or more members in a coupled
group are modified, the parameters of all the lines in
this group become modified. Because we can consider
the various fault conditions as branch modifications,
and because the number of branches to be modified for
any single fault study is much smaller than the system
size, the compensation method is a very appropriate
algorithm to apply to the analysis of short circuits.
For a balanced network subjected to a balanced fault
only the positive sequence network is needed. The com-
pensation scheme reviewed in the previous section may be
applied to compute the postfault quantities. However,
most of the faults of interest are unbalanced. In this
case, the three-phase extension of the compensation
scheme is used. We tabulated the solutions for some of
the most common balanced and unbalanced fault types in
Appendix A. In this table no associated outages are
considered, i.e., each entry corresponds to a single
modification, m = 1.

The use of the compensation method requires that Y,
the nodal admittance matrix of the prefault network, be
known. This sparse matrix is easily constructed and may
be efficiently stored [6]. One major advantage then of
using the compensation scheme is that it can handle very
large networks. In cases where only a small region of a
given system is of interest, the reduced network obtained
by eliminating all nodes outside the region of interest
must be first determined. The admittance matrix of the
reduced network then becomes Y for the region of interest.
Clearly, the current injection vector of the given sys-
tem is also reduced to derive °. The network reduction
is efficiently accomplished using Gaussian elimination.
This flexibility associated with the admittance matrix
for deriving reduced equivalents is an additional advan-
tage of the admittance matrix based compensation method.

In the application of the conventional compensation
scheme to short circuit studies, however, no explicit use
of the properties of the fault conditions is made. We
have developed an extension of the compensation method,
which makes use of the structural properties of the
matrices that represent the modifications of the various
fault conditions. The proposed scheme, which we call
the two-step compensation method for reasons that are
made clear in the next section, solves any type of fault
and yields savings in computational times and storage
when compared to the conventional compensation method.

THE TWO-STEP COMPENSATION METHOD

Short circuit studies are performed primarily for
system protection and planning purposes. In these
studies, the response of the power system to disturbances
caused by faults and associated line outages are inves-
tigated. The study results are used to prescribe relay
settings or to design specifications for future installa-
tions.

For any short circuit study, data describing the
unfaulted network are given. These data specify the
network topology, the line impedances and/or admittances,
and the generation levels. Next, the various types of
faults to which the network will be subjected, and the
ensuing protective actions (line outages) are specified.
The short circuit analysis must determine the postfauit
voltages and current flows.

We shall refer to each fault type together with its
associated line outages as a fault condition and the ana-
lysis undertaken to investigate such a fault condition
as a single fault study. In a single fault study, a
fault and line outages may be regarded as modifications
to the branches of the unfaulted network. For example,

This section outlines the generalized solution
scheme we developed for solving any type of short cir-
cuit problems. The scheme is an extension of the con-
ventional compensation method.

We classify the set of modifications of network
branches into two categories:

(1) balanced modifications, in which identical
changes occur in all three phases of a net-
work branch; and

(2) unbalanced modifications, which constitute
all other network branch modifications.

For example, three-phase faults and line outages are
balanced modifications, while other faults such as
single-line-to-ground are unbalanced modifications. If
one or more branches in a group of mutually coupled
branches undergo an unbalanced modification, then the
modifications associated with all of the branches in
this group will be unbalanced. Now, all the branches of
S undergoing unbalanced modifications are first identi-
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fied to construct the set U. Then the set B consists of
all other branches. Note that B nU=q. If the set B
has p members and set U has q elements, then p+ q= m.
Let

'B = 2..B B

and
U U U

Then2. v'q}
Then

S = {S1r2 , '. p'I l'p 2'.a . .'I, } (15)

In the compensation framework the modifications in the
branches in S are represented by the 3mx 3m matrix Ay.
With the ordering used for S in (15), Ay has the form

XA=Y ___+___
° lYuu

ZO and vO have the form

and

0

0

0

2 zu(O 2 0

o a 0 2 _a -
o 2 B.6() o 0 I__

0
-- %- -i -%00 hiu(O
o Xa+ 2a
o [ 2 j :()12I

0

The off diagonal blocks of Ay are zero since
The submatrix 4BB(.fUu) is 3px3p (3qx3q)
sents the balanced (unbalanced) modification
(q) branches in B (U). We may express Ay as

A = ANyB yU
where

BnU= 4.

and repre-

in the p

andoyB=_- ;- 1 nd yu= -4 -- (16b)

U.Note that y (ty) represents the balanced (unbalanced)
modifications in the m branches in S.

We make use of this decomposition of-A to derive a
compu'tationally efficient scheme for evaluating the com-
pensating current j [see Fig. 3(b)] that has the same
effect as the modifications represented by Ay [see Fig.
5(a)]. We proceed as follows leaving the mathematical
details to Appendix B. As in the compensation method we
replace the pre-modification network in Fig. 5(a) by its
Thevenin equivalent "seen" from the 3m ports formed by
the terminal nodes of the branches in S. The components

(a) (b)

and are obtained as described in the section on the com-
pensation method. Thus the effects of Ay are computed
using the system in Fig. 5(b). Now the decomposition
in (16) allows us to replace the admittance A by the
admittances By and AyUconnected in parallel, as shown
in Fig. 5(c). As a first step, we introduce the effects
of the balanced modifications represented by AO into the
pre-modification network. The resultant network is re-
presented by its Thevenin equivalent with components
ZB and vB "seen" from the same 3m ports. The open cir-
cuit voTtage vector is simply the voltage across the
admittance A. The short circuit impedance matrix ZB
is the equivalent impedance of Z° in parallel with B 1
Thus the {ZB,BB} Thevenin equivalent represents the pre-
modification network prior to introducing the modifica-

Utions represented by A4
As the second step, we apply the extension of the

compensation method to three-phase systems tp this pre-
modification network [see Fig. 5(d)]. Let iU denote the
compensation current whose effect is identical to that of
the modification represented by AqU [see Fig. 5(e)]. It
is shown in Appendix B that

(d) (e) (f) (g)
Fig. 5 The networks used in the derivation of the two-step compensation method.

00 tu0o
z00

t =
zasliu

=

00Uiu

0

1.0 =
Y-8
MUO



F.iU= -_B = r -1--
=LiU] L- $uu(3q+4uAHU) t

with 8 and given by

ZUU = zo-1i03p f ZB A*) 1Z°
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be examined. The upper bounds of the numbers of
multiplications for the conventional and the two-step

(17) schemes are compared in Appendix C. In terms of the
number of branches p undergoing balanced modifications,
it can be shown that whenever p # 0, the number of
multiplications for the conventional scheme is greater
than that for the two-step approach. For the case p = 0,
the conventional and the two-step schemes are identical.

(18) APPLICATION OF THE TWO-STEP COMPENSATION
METHOD TO SHORT CIRCUIT STUDY

70 0 sA. ri+0 A I 019V- -Z4B 54 3pp+4B 4B) 1 (19)

Some algebraic manipulation shows that the networks in
Figs. 5(e) and 5(f) are equivalent. As shown in Appen-
dix B, the current vector ± in Fig. 5(f) is given by

- -B
i= £i + Jj

where

LB =

W i-MBB(3p+Z BB XYB-B)l +5A

Thus (20)

i = [ iB.e.U T (21)

is the compensation vector that represents the combined
effects of the balanced and unbalanced modifications.
Finally, replacing the Thevenin equivalent by the pre-
modification network we obtain the desired result as
shown in Fig. 5(g).

The proposed approach is a generalized compensa-
tion scheme for solving efficiently any branch modi-
fications. The conventional compensatiQn becomes a

U Uspecial case when A = 0. Then, = 0 in (17). For

0, 4 and its only nonzero sequence quantity
is

4,(+) BBq(+) -!:B()B(+) )isN
This result is identical to eq. (9) of the conventional
compensation method.

In the two-step compensation method, systems with
lower dimensions than'those in the conventional
approach are solved. Furthermore, the decomposition
of the balanced and unbalanced modifications allows
all computations, with the'exception of the'calculation
of ,Jin eq.(17), to be performed directly in the
sequence components. Clearly, these characteristics
reduce the computational and storage requirements when
compared to the conventional compensation method.

In terms of both computer memory requirements and
execution time, the factorization based schemes are
superior to the traditional Z-bus method [7, 103. Both
the conventional and the two-step compensation methods
are factorization based'schemes. The major difference
between the conventional and the two-step approaches
lies' in the computation of the compensation current
vector iL; in the conventional scheme, eq. (9) is used,
while for the two-step'scheme eqs. (18), (19), (17) and
(20) are used. For the reasons given above, the memory
requirements of the two-step approach are slightly less
than those of the conventional scheme. As an indica-
tion of the computer time requirements, the number of
multiplication operations in the computation of i may

The two-step compensation method provides a unified
approach for solving any type of short circuit problems.
Since any fault condition is equivalent to a set of
balanced and/or unbalanced branch modifications, any
fault type or combination of fault types and associated
protective ac'tions can be 'analyzed using this' solution
scheme. Consider, for example, a line-end fault.
This is a shunt fault which occurs at or near one end
of a faulted branch, with the branch at that end
open. At the other terminal node, called the connecting
end, no action occurs. General short circuit solution
techniques are very cumbersome in handling this fault
type; specialized solution approaches have been developed
for this purpose' [2,3]. The line-end fault consists of
two distinct simultaneously occurring modifications of
the faulted branch: one is the complete removal'of the
branch, and the other is its replacement with a new
branch which represents the fault. The former is a
balanced modification. The latter may' be either balanced
or unbalanced. If the fault is a three-phase short
circuit, then the modification is balanced. If it is
a single-line-to-ground fault, then the branch addition
is a single phase addition, and the modification is
unbalanced. Note that in this case, unbalanced modifi-
cations are also introduced to any branches that are
mutually coupled to the added branch.

The two-step compensation method is unique among
short circuit solution schemes in that it uses directly
the Y array. A noteworthy feature of this approach is
the natural way in which it'handles mutual couplings.
The presence of mutuals requires no additional work
once the Y and AY arrays are constructed.

In addition to making the solution approach com-
putationally efficient, the decomposition of the branch
modifications according to their balanced/unbalanced
nature is useful in another way. In the study of cer-
tain fault types, the computation of the compensating
current i is compl icated by the conventional compensa-
tion scheme. In such cases the computation of iU
followed by iB as in the two-step approach can signi-
ficantly simplify the calculations. A typical example
is in solving the single-line-to-ground line-end fault.

The decomposition of the modified branches into
two disjoint subsets as is done in the derivation of
the two-step compensation method is a feature that is
useful in its own right. The derivation of eqs. (17)-
(21) holds for any two subsets B and U of S with the
property that bUU= S and BnU= + since the structure
of

_
in eq. (16) is preserved. Consider one application of

eq. (18) where B is chosen to be the set of outaged lines
and their mutual couplings, a total of p branches, and U is
a set of q branches. The expression for .I&in eq. (18)
gives the 'equivalent impedance of the network after the line
outages in the set B take place as seen from the q ports
formed by the terminal nodes of the q branches in the set U.
A typical application is in the study of a line-out
fault at a specified bus, where it is desired to con-
struct the equivalent impedance of the faulted network
as seen from this bus. This equivalent impedance
determines the fault duty at the given bus under the
line-out contingency.



THE SYSTEM-WIDE SHORT CIRCUIT STUDY

Typically, protection engineers are interested in
performing a system-wide short circuit study. For such
a study, a set of fault locations and a set of fault
conditions are specified. One or more fault conditions
are to be investigated at each of the specified fault
locations. Each of the fault conditions at a fault
location is studied sequentially and independently.
After all of the fault conditions at one location have
been analyzed, the procedure is repeated at the next
fault location. The process continues until all of the
specified fault conditions at all of the specified
locations have been analyzed. Hence, a system-wide
study is a sequence of independent single fault studies.
In this section, we discuss incorporation of the system-
wide study into the framework of the two-step compensa-
tion scheme.

For each single fault study t in the system-wide
study, a set S of m modified branches is defined.
Let T denote the set of nodes coincident with the
branches in S. We define T- U TZ. In the application
of the compensation approach, the { ,v} Thevenin equi-
valent of the prefault network as seen from the mt ports
defined by the terminal nodes of the mZ branches in S
is obtained.

For the effective application of the two-step com-
pensation method to the system-wide short circuit study,
some preliminary work on Y is necessary. Y is reordered
in such a way that the rows which correspond to the nodes
in T become the last ITI rows of the matrix. While for
a single fault study 4 1Tt12 elements of Z must be eval-
uated, for a system-wide study not all the elements of
the ITI x ITI submatrix ZITI of Z, formed by the last |TI
rows and |TIcolumns of Z, are required. For example if two
of the single fault studies & and k in the system-wide
study have the property that Tt Tk, zsETt, 0T
tETE and t§ETQ, then the element zt of Z is not required
and need not be evaluated. The values of the elements of
interest in ZiTI are obtained using the recursive formula
in [7]j. '

The triangularization of Y proceeds in two steps.
First the first n-,iT rows are optimally reordered and
triangularized. Next, the elements in Z1J1 which must
be evaluated are identified from the information on the
specified fault conditions. The corresponding elements
in the last ITI rows of Y are treated as nonzero vari-
ables even though their values may be 0 [11]. The last
|TI rows are then optimally ordered and triangularized.

NUMERICAL RESULTS

We have developed SHOCAP (SHOrt Circuit Analysis
Package) which implements the two-step compensation
scheme discussed in this paper. SHOCAP is a produc-
tion grade software package that can be used for
studying short circuits on systems with up to 3000
buses, 4000 lines and 1000 mutual couplings. System-
wide studies, which analyze various fault conditions
at up to 250 sequential fault locations, can be
carried out with SHOCAP. Fault types studies by SHOCAP
include three phase and single-line-to-ground bus
faults, line-end faults and line-out faults. SHOCAP
can be used to study any faults simultaneously with
arbitrary number of specified line outages.

We have tested the SHOCAP on a large number of
systems with sizes ranging from 7 buses up to several
thousand buses. For the purpose of this paper we
restrict our attention to five test systems. Their
characteristics are given in Table I. For each of the
five systems, a system-wide study with a single fault
location and three balanced and unbalanced fault types
is performed. The fault location is an arbitrary bus
in the system. At each location the fault conditions
studied are three-phase and single-phase

. bus fault
lline-end fault on one line coinci'dent
with the fault location bus

. line-out fault on one line coincident
with the fault location bus.

TABLE I: CHARACTERISTICS OF THE TEST SYSTEMS

Number of Number of Number ofSystem Buses Lines Mutuals

A 7 16 11
B 23 32 9
C 31 72 10
D 94 124 27
E 2278 3628 787

For systems B,C,D and E additional system-wide
studies with 10 faulted locations and the same fault
types are performed. Computational times for the
triangularization phase and the fault calculation phase
in SHOCAP are plotted in Fig. 6 as a function of system
size. All computation times are for an IBM 3033.
Notice that the decrease in efficiency of the triangu-
larization of Y when the fault locations are increased
from 1 to 10 has an insignificant effect for each of
the four systems.

COMPUTATION TIMES FOR SHORT CIRCUIT STUDY

0

z
0

0

'U

I-

IL
a

FACTORIZATION OFYWITH I FAULTED Bus

I FACTORIZATION OF Y WITH 10 FAULTED BUJSB
- - -- SYSTEM-WIDE FAULT CALCULATION WITH 1 FAULTED S

- -I -- SYSTEM-WIOE FAULT CALCULATIO WITH 10 FAULTED USE

NUMBER OF BUSES IN SYSTEM

Fig. 6 Computation times for short circuit study.
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For system E an additional system-wide study with
100-faulted locations and the same type of faults was
made. Table II presents the computational times for
system E for the three system-wide studies.

TABLE II: COMPUTATIONAL TIMES FOR SYSTEM E

CPU sec. required for system-wide
SHOCAP study with
PHASE 1 fault 10 fault 100 fault

location locations locations

Factorization 24.5 24.6 30.5
of Y

Fault
Calculations 0.662 1.776 2.32

per fault location

CONCLUSION

A unified approach for solving all types of short
circuit problems has been presented. The approach is
based on the two-step compensation method. We develope
this computationally efficient methodology by extending
the conventional compensation scheme for unbalanced and
balanced modifications. This approach was derived by
making detailed use of the structural properties of the
short circuit problem and is particularly effective in
dealing with large systems. Any fault condition, i.e.,
any fault type or combination of fault types and associa-
ted protective actions can be solved using this new
methodology. The proposed scheme works especially well
on system-wide studies in which specified fault condi-
tions at a set of specified fault locations are analyzed
sequentially. A noteworthy feature of the solution
methodology is the natural way in which mutuals are
handled. The SHOCAP software was developed to implement
the new solution scheme. Extensive tests indicate that
it is a powerful tool for short circuit studies parti-
cularly for large scale systems.
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APPENDIX B: THE TWO-STEP COMPENSATION METHOD

The two step compensation method is based on the
decomposition of the modifications of the m branches in
eq. (16). The decomposition is based on the balanced/
unbalanced nature of the modifications. In the first
step, only the effect of the balanced modifications re-
presented by IB is considered. In the second step, the
additional effect of the unbalanced modifications repr-
esented by AYU is evaluated. We refer to Figs.5(a)-5(g)
to derive eqs. (17)-(21).

Consider the system in Fig. 5(d) obtained in the
course of applying the three-phase compensation method
with modifications represented by Ae. It follows from
eq. (9) that

in (B5). Furthermore, the only nonzero component of
8 is B Then in the decoupled system in (B6),

-YU(O) -4(o= ° and only the positive sequence part

need be evaluated.
-UOnce is known, we next consider the voltage v'

across the 3m modified branches. From Fig. 5(e) or
equivalently, eq. (8) of the compensation method we have

_ = VB + ZB (B7)

Upon substituting (B3) and (B4) into (B7) we have

IM- B- o+Z°o 8 o lo U

i = - QIU(UD + -ZBIU)-1vB-l (Bl )

Using the identity

F0 #0 JA 1 l -A B-h

L0° B | t0 i Bl '

where B is a yxy nonsingular matrix and A is any axy
array. We may show that

LU, j= U 2U(A43qu) VU ]

(B2)

assuming (-3q+4tjUl4j) is nonsingular. Now, the com-

ponents zB and vB of the Thevenin equivalent "seen" from
the 3m ports formed by the terminal nodes of the branches
in S prior to introducing the unbalanced modifications
are evaluated by referring to Fig. 5(c). Thus,

zB = [(ol)-11 B =1 (o)1-I B -1Ay,.I =(I )+

= z0 -Zo BZ ( --lZo
(3m

Z ) (B3)

=
o o U o ,( o B -1 oU-
Zf
° 0L- (-3m+_oAy) (v +ZL )]

= VO + zo°U+ o
°B

where

BA B o 1
= .A ~(.93m+ IB)

Now,

iB =0 -l O =O.U)
X "-4 .- OL-3--ljBB '-B -BU'-Z~

- [ I ~~j L 0~j6

(B8)

(B9)

(Bl O)

The sequence currents 4o i(, and are

tained individually in eva uating (810) since the system

is decoupled. Moreover, only the nonzero 8(+) enters
iB U

in the evaluation of fj, With £and known and

I = i + is [B JU T

It follows from (B8) that

(Bll)

(Bl 2)'I = V) + Z0i
B = (l+ ZA°yB)-lvo
- -3m -

(B4)

where we make use of the matrix inversion formula [12].
Since to evaluate iUJin eq. (2) only LU and U are

required. We may use (B3), (B4) and the identity

'0c c

t---4 =- L -_

for any nonsingular asx a matrix C and any yx a matrix D,
that

tU= ZUU~-4B7 LBB-3p+(4B 'B&1U

-U -UB B0 3p+ -B 1B

(B5)

(B6)

All matrices in (B5) and (B6) have block diagonal struc-

ture. Thus the sequence arrays zB and
B a oU(O)t-iou(+)e
-~J()are obtained directly from the decoupled system

which corresponds to the network in Fig. 5(f). Thus i
is the compensation current that represents the effects
of both the balanced and unbalanced modifications.

APPENDIX C

COMPARISON OF THE UPPER BOUNDS OF THE NUMBER-OF MULTIPLICATIONS TO
COMPUTE THE COMPENSATION CURRENT VECTOR i

Conventional Compensation Two-step Compensation
Method Method

Opn eri. ( 9 ) Multiplications* Operation Mul tipl ications*in eq. (9) __________

Z0~ (a).&6l3 eq. (18) (d).2(p3+13qp2-jp+qp2.q2p)

li 1z°j,}lv (bsi311)3+(3)2-3 eq. (19) (e)-2p +qp

_ eq. (17) (f)-6q3+ 3q)3+(3q)2..49~q2
4y(LOAO+z -vo (c)=9M2 eq. (20) (g).2(pq+2p2)

Upper-Bound (a)+(b)+(c) Upper Bound (d)+(e)+(f)+(g)

* based on the assumption that -0 IZ : and '0 - u0 0

p = number of branches undergoing balanced modifications, q = number
of branches undergoing unbalanced modifications and m - p+q.
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Discussion

H. E. Brown (Cary, NC): The authors are to be commended for con-
tinuing the effort to improve short circuit analysis methods.
The limitation of the excessive memory requirement of the Z-matrix

building algorithm (I) is overcome by combining sparse matrix techni-
ques and compensation methods for short circuit studies involving line
alterations (additions and removals).

Previously, the limitation imposed by the storage requirements of the
Z-matrix was overcome by an axis discarding technique (2) in which
axes, not of immediate interest, were discarded and only axes in the
study area, and those required in making line alterations were retained.
Both the positive and zero sequence matrices were computed and stored
in memory. With the computer available in 1966 (32,000 K words of
memory) studies of systems of 1,500 buses and 4,500 lines, three phase
and single phase faults, became routine. Mutual couplings have little ef-
fect in the zero sequence network when they are remote from the area of
interest. The program selected, from the system wide mutual coupling
data, only the study area for pocessing. The building algorithm (1) was
modified to include two additional routines required for mutually
coupled radial lines and mutually coupled loop closing lines using the
method of Reitan (3, 4). The program package included all the features
described in the paper, and in addition gave preliminary settings for cer-
tain types of relays.
The discussor would like to know the speed advantage of the new

method and any other advantages, that are not evident, over the older
Z-matrix method.
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G. Gross and H. W. Hong: We thank Prof. Brown for his discussion
and acknowledge our appreciation of his interest in our work.
The major motivation for the work reported in this paper was to

derive a generalized scheme for solving all types of fault conditions.
One important consideration was the speed of the solution scheme.
Since the system-wide analysis of large-scale systems was a primary ob-
jective, it became necessary to develop an efficient computation techni-
que. The major advantages of the two-step compensation method
which we developed for short circuit analysis are:

* high computational efficiency due to the use of triangular fac-
torization;

* the additional enhancement in computational efficiency due to
the incorporation of the sparse Z method;

* generalized solution methodology for analyzing all fault- types
with associated line outages; and

* consideration of mutual couplings within the general framework
of the solution scheme.

The computational advantages of the triangular factorization-based
conventional compensation method over the Z bus method are detailed
in the last paragraphs of the section entitled "The Two-Step Compensa-
tion Method" of the paper. The application to the analysis of short cir-
cuit problems of the two-step compensation method, which generalizes
the conventional compensation method, results in further reducing the
overall computational requirements. The comparison of the multiplica-
tion counts between the conventional compensation and the two-step
compensation methods is presented in Appendix C. For any applica-
tions of practical interest, the two-step scheme requires less computa-
tional effort and storage. The SHOCAP implementing the two-step
compensation method was developed to replace the Z bus based method
in use at PGandE since the 1960s. The axis discarding technique
developed by Prof. Brown and his colleagues had been incorporated in-
to the old short circuit program in the 1970s. One major limitation of
the old program was the performance of system-wide studies. For ex-
ample, for a system-wide study with 150 faulted buses, the axis discard-
ing scheme involves the formulation of a 350 dimensional Z. This im-
poses rather severe storage requirements even when matrix symmetry is
taken into account. Moreover, a rather substantial computational ef-
fort is involved in the construction of the reduced Z. With the applica-
tion of the two-step compensation method based SHOCAP program
for the system-wide study of 150 faulted buses, no more than 1000
elements of Z are computed. The computations involved in the evalua-
tion of the postfault voltages are substantially reduced. Two additional
advantages of the two-step compensation scheme are the natural way in
which the mutuals and line outages are handled. As explained in the
paper, the incorporation of mutuals involves no approximation and the
consideration of line outages induces no additional computational
burden.
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