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Abstract. This paper is concerned with the interpmtion of the 
nodal prices in competitive electricity markets based on the Pool 
paradigm. Such prices are the byproducts of the optimization 
performed by the independent grid operator (IGO) to determine the 
centralized economic dispatch taking into account all transmission 
network and physicalloperations constraints. The IGO implicitly 
takes into account congestibn considations in determining the 
centralized economic dispatch. Under the Pool paradigm, a system 
marginal price no longer exists and each bus may have a different 
real and reactive power nodal price due to line losses and congestion 
avoidance considerations that can arise when the limit of one or 
more constraints is reached. The objective is to explore the economic 
signals provided by these prices and effectively apply them in the 
design of markets and the rules ofthe mud for these markets. 
The main focus of the paper is on the explicit evaluation of the 
impacts of the reactive load on the nodal real and reactive prices. We 
adopt a rather general model for reactive load model in which the 
mctive power at each node is represented as an a f i e  function of 
the real power at that node, i.e., the reactive load is the sum of a 
constant and a constant power hctor component. This model 
includes as special cases the constant reactive load and the constant 
power factor load including the case of purely real load 
corresponding to unity power factor. We investigate the relationship 
between the real and reactive nodal prices and evaluate the impacts 
on them of the dual variables due to the various other 
physicaVoperations constraints in the system. We discuss the 
significance of the nodal price observations and the effective 
utilization in developing appropriate price signals in the Pool 

KeyworL: nodal prices, pool paradigm, congestion management, 
reactive load model. 

Paradigm. 

I. INTRODUCTION 

The open access to transmission represents the basis for the 
establishment of a free market of electricity. The physical and 
operational constraints inherent to power systems require the 
introduction of an independent authority charged for the 
managing of the transmission network; its main task is to 
facilitate as many transactions as possible while keeping the 
system secure and free of congestion. Such a situation arises 
whenever the current or a postulated contingency case leads 
to one or more violations of any physical or operational 
constraints. We refer to this entity as the Independent Grid 
Operator (IGO). The different implementations of the various 
IGO’s have different levels of authority. The Pool Model is 
the paradigm in which the IGO has a vast amount of authority 
and decision making power [l]. The Pool model merges the 
grid operator‘s Coordination role with a centralii economic 
dispatch function. All the power traded goes through the pool 
as the pool is the sole buyer and seller of electricity. The pool 
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determines the “optimum” solution by solving a centralized 
economic dispatch problem W i g  into account the network 
constraints. The Optimal Power Flow (OPF) tool may be used 
to determine this optimum according to some metric. In effect 
this entails the determination of all suppliers who will inject 
power into the network and all loads that will withdraw 
power from the network with all network constraints being 
met [2]. As such, the Pool Model IGO fulfills both the market 
and the coordination functions simultaneously. The PJM 
( P e n ~ l v a n i ~  Interconnection is an 
example of the implementation of the Pool model [3]. 

The objective of the optimization problem is the 
maximization of social surplus. If each generator (load) set its 
price equal to its marginal costs (marginal benefits) it 
maximizes its profit (net benefit) [4]. Under this hypothesis 
the costs and benefits, which are used to compute social 
surplus, can be derived &om the offer and bid curves. 

An important byproduct of the optimum of the OPF is the 
economic information obtained from the dual variables and 
with direct applications in electricity markets. The dual 
variables associated with the real and reactive power nodal 
balances are interpreted as sensitivities of the objective to a 
small injection of real or reactive power at that node and are 
defmed as the nodal real and reactive power Nodal Prices 
(NF”s) at each bus. The offer price p” is defined as the unit 
energy price at which the power is sold by a generator; 
analogously, the bid price 4’ defines the price at which an 
energy unit is paid by the load. Both o f  these quantities are 
determined directly from the offer and bid curves of 
generators and loads. These prices may also be expressed in 
terms of dual variables associated with the equality and 
inequality constraints of the optimization problem. 

If we consider a market without the network constraints, 
the optimum gives what is known as the market clearing price 
and the corresponding market clearing quantity. The market 
equilibrium point determined by the market clearing price and 
the market clearing quantity maxi” the social surplus. 
Once network considerations are brought in, the losses and 
the various constraints move the optimum away from this 
economic equilibrium and a market clearing price no longer 
exists. Instead, there are different NP’s at each bus. 

The reactive power plays a major role in the power system 
operations and its effects must be taken into account [5] .  
Depending principally on the real and reactive load level of 
the system, situations with lack or excess of reactive power 
may arise. Such situations lead to congestion due to the 
violation of one or more voltage and/or reactive power limits. 
In such cases, the realistic representation of the reactive 



behavior of the loads is of the paramount importance in order 
to send the appropriate economic signals to both generators 
and loads. 

Different approaches have been proposed [6-81. In this 
paper we assume a rather general model for the reactive load, 
in the context of elastic loads, in which the power demanded 
depends on its price. We represent explicitly the relationship 
between the nodal prices and the bid prices paid by the loads 
and the offer prices paid to the generators at the optimum 
The focus of the paper is the scope of impacts the load 
reactive model has on these prices. The numerical examples 
illustrate the impacts of various constraints for the general 
reactive load model proposed on the nodal and the optimum 
bid and offer prices for congestion due to different type of 
limit violations. The role of the representation of losses is also 
investigated. We use a set of appropriate economic metrics to 
evaluate these aspects. We use a nonlinear 4C OPF for the 
analysis and the illustrative examples. 

This paper consists of five additional sections. Section I1 
descriies the reactive model adopted. We illustrate the key 
aspects of the Pool Model dispatch in Section 111. Section IV 
is devoted to the analysis of the NP’s in terms of the 
optimization results. In Section V the economic metrics used 
to asbess the impacts are introduced. We present a set of case 
studies in Section VI. We summarize the basic results and 
general findings in the last section. 

II. REACTIVE LOAD MODEL 

The load behavior in terms of reactive power has a significant 
impact on the transmission system, mainly, for the voltage 
profile. Moreover, the reactive power consumption affects the 
optimum point reached in the optimization problem used to 
dispatch the system due to the losses it induces. From tfii 
point of view, the impact of reactive power on the grid must 
be considered. 

expressed as a function of the real power 4d: 

Modelling 

In general the load reactive power QP at bus j can be 

QP = W O  (1) 

Q,” =e,”” + wJ .PI” 
with: p;‘“ s P/” I PI””” 

(Pa as an affine function, we will use: 
(2) 

(3) 
For a purely real load, Qja = q = 0. For a constant power 
factor load, Qja = 0 and q = tun 43. 

III. DISPATCH IN THE POOL MODEL 

In the usual OPF, the loads are fixed and the problem solution 
gives the optimal operating point that minimizes the total 
generation costs. In the Pool Model, the load active power is a 
decision variable that is determined through the solution of an 
optimization problem whose objective is the “ h i t i o n  of 
the social surplus. 

The basic economic information needed by the IGO to 
perform the optimization are given by generators and loads 
through offer and bid curves. The offer p! (Pk) is the price 
function for the generator at bus i (qual to its incremental 

cost at different generation levels). Analogously, the load bid 
p t ( P +  expresses the willingness to pay of the customer and 
is defined as the price function for the j-th load (equal to the 
incremental benefit at certain power withdrawal level). 

The OW and bids are supposed to be related to the costs 
C, and to the benefits Bj: 

(4) 

The social surplus 9 is given by: 

ss = CBJk.f) - xc,k) ( 5 )  

The optimization problem of maximizing the social surplus is 
/eg 

then stated in terms of minimizing f(z= -f : 
minf (4 (6) 

s.t. h (z) = 0 

The set of variables z is: 
g(Z)SO 

set of the N buses of the system 
set of the Ng buses with generators 

set of the NI lines 
bus voltages (size N) 
bus voltage angles (size N, 6 4  slack) 
real generators power (size N )  
reactive generators power (size N)  
real loads power (size N )  
reactive loads power (size N )  
apparent l i e  power (size NL) 
generation offer price at bus i 
load bid price at bus j 
cost function of generator at bus i 
benefit function of load at bus j 

Set of the Nd buses with loads 
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In this paper, the generator offers and the loads bids are 
assumed as: 
pi“ = c2i Pi“ + CIt ie 8 (9) 
pp = bp Pp + b y  je B (10) 
where czi is positive and ba is negative. Hence, the generation 
cost C; and the load benefit Bj are written as: 

i €  8 

j c  D 
The equality (7) and inequality (8) constraints of the 
optimiition problem (6) are: 

active power balances (dual variables A“,): 
N 

-pk*+pi,d+ CV~Y,,,Y~ cos (ek -em -+h)=o k e o / ~ ( n )  
m=l  



reactive power balances (dual variables Ard 

-Qf+Qi++ C V k V m Y b  sin (Ok -0, -&,,)=O 

reactive load model (dual variables % ): 
e",= WP!! * %  j E  (15) 

bus voltage limits (dual variables p;, qk? 

-vk Vk"" 5 0  c) flc20 k e &  

generation limits (dual variables pP,q,P,pi*,qP) 
Pig - Prg " 10 c) p p 2 0  
-pig+ prgmin 10 c) q7p82O ie&Y 
Qf- Qf"" SO c) pia20 
-Qf + Qfm" SO t) q P g 2 O  ie &Y 

line current limits (dual variables @I) 

- h,(V,@) +s,- I 0 c) #/2 0 

N 
k e d -  (14) 

m=l 

v k -  vkmmSo c) p;20 

real demand limits (dual variables up'. 

-pi" + pi"" 1 0  c) qP"r0 j c S  
pd j - j  pdmm so c) &?io 

IV. ANALYSIS OF NODAL PRICES 
The offer and bid prices can be expressed as a function of the 
dual variables obtained from the optimization problem. 
Applying the Kuhn-Tucker conditions: 

- = i€$ (16) aa 
a y  - Aai - p + p  = o  

jrzB (18) 

The dual variables Aai and Xi are, respectively, the real power 
nodal price (real NP) and the reactive power nodal price 
(reactive NP). The generation price and the demand price 
become then: 

pi" = aa, + p - p  ie &% (19) 

j c  iZ 

Hence, the generator price p! is equal to the real NP only if 
no active generation limit is reached. Analogously, the 
demand price pi" is equal to real NP only if the active demand 
limit is not reached and the reactive power does not depend 
on the active one or the reactive NP is zero (as it happens in a 
lossless system without congestion). 

V. METRICS FOR THE EVALUATION 
OF IMPACTS 

To evaluate the effect on the nodal prices, the following 
metrics have been used: 
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producer surplus SF of the generator at bus i : 

sl" = p f  Pi" - c, (Pf) 

4D = Bj (Pa - pi"Pf 

(21) 

(22) 

T = ~ , . e : k p i i  i e  9 (23) 

P'=C p : ( p : ) p : / ?  PJ j e  9 (24) 

(25)  

consumer surplus S' of the demand at bus j: 

average generation price: 

I I 

average demand price: 

I 

totalproducer surplus sG : sG = CS: 
total consumer surplus sD: sD = CS; (26) 

merchandise surplus SM : 

Note that the f l i s  different from zero if the system is lossy 
andor it is affected by a congestion. 

social surplus ss: P = so + sD +sM (28) 

VI. CASE STUDIES AND RESULTS 
The nodal prices incorporate the effects of sensitivity of the 
objective function with respect to the different system 
constraints. The objective is to show the impacts of the 
different reactive demand models on the behavior of the nodal 
prices and some key economic metrics with a set of different 
operating conditions. Two systems are considered: a IO-bus 
system, whose data are given in the Appendix, and the IEEE 
30-bus system The loads at each bus is modeled with 
constant power factor ( Qa= 0, w/ = 0.5, je 9). A case of 
constant reactive power load is also presented. The 10-bus 
system has been considered fmtly lossless to permit to put 
into evidence the effects of the congestion decoupled Erom the 
effects of losses. Then, the unconstrained case has been 
studied with losses to assess the losses impact. 

A. Base case - lossless and unconstrained 

The base case does not consider any physical or operational 
constraints binding. This case corresponds to the solution 
found by the market without any network consideration. 
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- - 
pc  p' so 
1.000 l.Oo0 3.401 

From Tab. la  it is possible to see that demand ( ~ 9  and 
generator (pf) prices are equal at each bus and hence a 
market clearing price exists for the system. The generation 
and demand prices correspond exactly to the real NP's nab at 
each bus. All the reactive NP's Xk are null; the load reactive 
model has no impact in this case and the reactive power is 
"fie&' for generators and loads. Tab. 1 b shows that the power 
demand that would be traded by the market without any 
constraint is 12 pu. In this case Suis equal to zero, meaning 
that the IGO does not collect money for the system operation. 

B. Line flow limit impact - Line flow limit (apparent power) 

A line flow limit activation (Tab. 2a) causes non uniform 
values of Aa at each bus. The reactive NP's X becomes 
different from zero at the load buses, causing an increase of 
pid with respect to the corresponding real NP and showing 
that, due to congestion, the reactive power affects the prices. 

on line 6-7 (2.1 pu) 

SD P 6 gs 
6.000 O.Oo0 9.401 12.000 

- 
P' 
0.973 

For all the loads pid is higher than the real NP, and the 
difference is due to the reactivdactive sensitivity term. The 
congestion (Tab.2b) causes a reduction in the power traded. 
The working point of system is less efficient fiom an 
economic point of view (reduction of 9) and the IGO can 
collect money from the system ( sM>o). 

Total 

1.040 3.089 5.491 0.759 9.338 11.437 

- 
p' SD ss dm& 

C. Minimum voltage limit impacts - Minimum Voltage limit at 
bus 3 ( 0 . 9 6 5 ~ ~ )  

a) constant power factor load 

A minimum voltage limit activation is considered. The results 
are reported in Tab3a and 3b. The situation is analogous at 
that of case B. The Np is greater at the bus 3, in which the 
voltage limit is binding. 

The activation of a minimum voltage limit puts into 
evidence a reactive power lack in the network. In this case the 
consumption of reactive power at load buses causes an 
increase in the demand prices (A'*); this increase 
corresponds to a decrease in the load demand. The price 

- 
P' 
0.973 
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Total 

1.040 3.089 5.491 0.759 9.338 11.437 

- 
p' SD ss dm& 

signal obtained strives for the direction of congestion 
removal. 

- - 
p c  p' so 
0.981 1.043 3.152 

Table 38. Decision and dual variables of case C-a 

Tohd 

5.489 0.703 9.344 11.468 
s P s dc"d - - 

P' p' so ss 
0.764 1.312 1.029 2.197 3.496 6.723 

Table 3b. Value of the key economic indexes 

To& 

6.384 
d m m d  

b) constant reactive power loah 

The same case was run with a constant reactive load ( Qja 
equal to the values of case A, wJ = 0.5, je 9. The results are 
shown in Tab. 4a and Tab. 4b. 

At load buses the reactive NP is even greater than the real 
NP. The system is forced to work at a very inefficient point, 
as it can be seen by the value of f that is greatly reduced. 
The total demand is greatly decreased; a significant smaller 
amount of power is served at a much higher price. 
Nevertheless, the demand prices are equal to the active dual 
variables due to the independence of load reactive power on 
real power. The average generator offer price is lower and the 
average demand bid price is higher explaining the increase of 
merchandise surplus with respect to case of the constant 
power factor load. 

The case of the proposed model in which the power factor 
is constant, brings to a solution with higher total demand and 
lower demand prices, if compared with the solution obtained 
with constant reactive power demand. In the latter case, the 
constancy of reactive demand causes higher demand prices, 
due to higher values of real NP's, and a remarkable reduction 
in the total demand. So one has to question the use of a 
constant reactive power load model in a market context. 
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D. Maximum voltage limit impacts - Maximum Voltage limit 

The activation of a maximum voltage constraint leads to the 
situation depicted in Tab. 5a and Tab. 5b. 

at bus 10 ( 0 . 9 7 ~ ~ )  

- - 
P' P' so 

1.028 0.951 3.742 

Table Sa Decision and dual variables of case D 

Total 

6.602 -0.974 9.370 12.583 
sD sv h m d  

- - 
Pc Pd so sD 

0.983 1.062 3.192 5.277 0.540 

As in case C, there is not a unique value of demand price for 
all loads. The real NP is different at each bus while the 
reactive NP is non-zero and negative, causing a decrease in 
the demand price with respect to the real NP. The activation 
of a maximum voltage limit puts into evidence a reactive 
power surplus in the network. The negative value of X gives 
the right signal to the market, reducing the demand bid price 
and so increasing the real and reactive power consumption 
and striving for the direction of congestion removal. The 
average generator price is higher than the average demand 
price, causing a negative value of s"; in this case, the IGO 
collects from the load less money than it pays to the 
generators. 

Total 

9.009 11.612 
d-and 

E. Losses impacts 

Line losses are introduced in the unconstrained system. The 
results are reported in Tab. 6a and Tab. 6b. 

Table 6a. Decision and dual variables of case E 

I 10 I 1.015 I 0.026 I I 1.028 I I 1.944 I 

The situation is very similar to that found for a congestion 
due to a line or minimum voltage constraint (case B and C). 
Due to losses, demand prices are different at each bus both 
for the real NP diversity and for the non-zero reactive NP. s" 
is positive. 
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F. Lineflow limits with losses 

The standard IEEE 30-bus system has been used to verify the 
results obtained from the proposed 10-bus system. The test 
system has been modified, scaling the cost function of the 
generators (offers) to give unity price, at the dispatched 
power, for all generators, in the lossless unconstrained case. 
A bid curve has been introduced for each load with the same 
criteria (unity price for the demand that corresponds to the 
solution of the lossless unconstrained system). The loads have 
been modelled as constant power factor loads with power 
factors at the PQ nodes given by the standard configuration. 
All the bus voltages have been forced to lay within 0.95 and 
1.05 pu. The results obtained confirm the consideration traced 
for the 10-bus system. Let's consider the 30-bus system under 
three different conditions: 

a) lossless unconstrained system 
b) lossy system with maximum voltage binding at buses 

c) lossy system with line flow limits on lines 2-6 (0.18 pu) 
5,13,27 

and 25-27 (0.095 PU) 

a losslcrr uncamtrakd ryrtrm 
b] b s s y r y a t a n ~ h " u n ? a m a g c b ~ . ! b w a 5 . 1 3 , 2 7  I 1 
e) b y  system with h e  fbw Inn# on Im 4 and 25-27 I 

. . . r . . . . . . . . l . . . . . i  
2 3 4 7 8 10 12 14 IS 16 17 18 19 20 21 U 24 26 29 30 

bu 

Figure 1 -Demand prices, average prices and real NP's 

Fig. 1 depicts the spatial demand price distribution for the 
three cases along with their average values. Below the NP 
curves is possible to see the real NP plot for cases b and c. 
The difference between demand price curve and il" curve is 
due to the reactive load model. 

A market clearing price exists in the market only with no 
losses and no congestion. The effects of both losses and 
congestion is that of making different NP's at each bus. The 
demand price is affected by any non-zero reactive NP, due to 
losses and constraints, as a result of the model adopted. 

VI. CONCLUDING REMARKS 
In this paper, we proposed a reactive load model in which 

the reactive demand is an affine function of the real demand. 
The proposed model is able to capture the interaction between 
real and reactive power consumption in term of their impact 
in determining the demand level of each load. This model has 
direct impact on the demand prices that depend on both real 
and reactive NP's. 

For a lossless system without congestion, the reactive 
NP's are zero and the demand price is due only to the real 
NP. If losses are taken into account and congestion is 
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considered, the demand price and the demand level, that are 
related by the bid curve, depend, in our model, both on real 
and reactive NP’s. 

The proposed model gives the right signals during 
congestion, causing a decrease or increase of the real and 
reactive demand, with a consequent demand price increase or 
decrease, that strives for the direction of alleviating 
congestion. 

In a lossless system, the merchandise surplus fl may be 
negative under congestion related to constraints violation due 
to a network surplus of reactive power. In such a situation, the 
IGO incurs in additional expenses as opposed to the revenues 
expected. If losses are represented, the fl becomes positive 
but it may be reduced due to this type of constraint violation. 
In these cases, the economic signals that the IGO receives 
from the market are in the right direction, in the sense that, as 
opposite for other constraints violation, congestion causes a 
reduction of its revenues, encouraging the investments for the 
appropriate corrective actions. 
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APPENDIX 
The IO-bus system used as test system is depicted in Fig. Al. Tab. 
AI reports the line parameters. Tab A2 and Tab. A3 list the offer and 
bid price parameters for generators and loads respectively. 

- h’-’ 
T 

+ ’  & 6’ 
Figure Al. 10 bus system 
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